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A bstract — A n algorithm î 1 decoding à threshold function defi ned on the set of integer points of an arbi trary
pnlytope is proposed. For any fi xed dimension, the algori thm requires à polynomial ly bounded number of ques-
ti<>ns about the value of the function at à point. The set of al l integer points of the polytope can be interpreted
as the set of some obj ects divided into two categories. The algori thm can be useful in solving pattern recogni tion
problems prov ided the dividing surface is à hyperplane and that the category can be defi ned from i ts arbi trary
obj ect.

rithm of decoding the threshold function of k-valued
logic, i .å., the number of questions about the value of the
function and the number of necessary operations are lim-
ited in this algorithm to some polynomials of logk. A s it
was shown in [4] , the algorithm described in [3]
requires

O ( ( 1 k ) n + ~~~ ~!<~ ~>)

questions about the value of the function at the point
(logtx is understood henceforth as logzu and it is
assumed in formulas using the upper-ñàçå Î that the
dimensionality of the space è is fi xed).

À class of examples is investigated in [3] to demon-
strate that an algorithm which would guarantee decod-
ing any threshold function of k-valued logic of è vari-
ables after à number of questions bounded polynomi-
ally in è and log k does not exist.

We discuss below the fol lowing generalization of
the concept of threshold function, which can expand
considerably the application of the problem. Let the
defi nition set of the function f be the set of integer
points of à è-dimensional polytope Ð:

f : P n Z = (0, 1),

We again cal l f é å threshold function if there exists à
hyperplane in R", which separates the set of zeros of f
from the set of units. Let Ð be defi ned by the system rn
of linear inequalities with integer-valued coeffi cients
that do not exceed u by an absolute value. We propose
here an algorithm A~ that decodes for any fi xed è an
arbitrary threshold function defi ned on Ð n Z during
the time bounded polynomial ly in ò and log tx using
0 (ò ~"èéî í å" à ) questions about the value î é ëå function
at à point . Note that for the ñàÿå of threshold functions
of k-valued logic the simi lar result (O(log" k) questions

are sufficient for decoding) was obtained in [5] .

1. INTRODUCTION

Let obj ects in à col lection be characterized by à set
of è numerical parameters (features) and divided into
2 categories (patterns). Then each obj ect can be repre-
sented by à point and the whole col lection by à domain
in è-dimensional space. Each category is associated
with its subdomain. Consider the case, where parame-
ters of the obj ects are integers and the domain corre-
sponding to the whole col lection is bounded and repre-
sents the set of integer solutions ñî à given system of
l inear inequalities (the set of integer points of à poly-
tope). Suppose the subdomains that represent different
patterns can be divided by à hyperplane. As it was
noted, for instance, in [ 1] , this case is of "great practical
importance." We assume that from an arbi trary obj ect

in the col lection we can defi ne which category it
belongs to out of two categories and we also assume
that any obj ect in the whole col lection is accessible for
this definit ion at any time. These conditions set, we for-
mulate the problem of defi ning the coeffi cients of the
dividing hyperplane in the least possible number of
examinations of the obj ects and during an acceptable
time for intermediate calculations.

The threshold function of k-valued logic of è vari-
ables [2] is à mapping of à hypercube {Î , 1, .. ., k — 1)"

into the set {Î , l } such that there exists à hyperplane
separating the set of points where the function is 0 from
the set of points where the function is 1.

The problem of decoding threshold functions of
k-valued logic is considered in [3] . Âó the decoding
algorithm, we mean à procedure of fi nding the ñî åé -
cients of the dividing hyperplane by means of questionsabout the value î 1' the function at a point. It is shown in

[3] that for any fixed n tltere exists à polynomial algo-
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2 . D E F I N I T I O N A N D N O T A T I O N ing system of linear inequali ties (compare [2]) :

Let the polytope Ð be given by the system of ò lin-
ear inequalities with integer-valued coeffi cients that do
not exceed à . by an absolute value. We denote the set
of the integer points of the polytope Ð by Ì (Ð). Sup-
pose

< Ä ) Å Ì ~ð( / )

(3)
, õ„ ) å Ì ,(/ )

g a x;< aa Ãî ãà!1 õ = (õ„
ã' = !

õ „

f : Ì (Ð) = ( Î .

Ì „ô and Ì ,(f ) are the sets of points x where f is zero
or one, respectively, that is Any solution (àö, .. ., à„ , ò) of this system defi nes ñËå

threshold inequali ty (2) for f with the threshold value
ò > Î . The opposite is also true: the coeffi cients (à~, .. ., è„)
of any threshold inequality of the function/ c F(P) sat-
isfy the system (3) for à positive value of the threshold z.
Clearly, the system (3) is equivalent to the system

M Ä(f ) = (ë ñ Ì (Ð) ô õ) = ÷ ) (v = Î , 1) ;

NÄ is the set of extreme points of à convex envelope of
the set Ì „ . The functiong x) is the rhreshold if there
are real numbers a; (i = Î , 1, .. ., ë) such that

M ()(f ) = õ = (õ „

The inequality

(2 )
L em m a 2 (see [3] ) . For any function f c F (P) there
exists the threshold i nequal i ty (2) such that i ts ñî åé -
cients (à~, . . ., à„ ) are integer-valued and

is called the threshold i nequali ty of f . The set of al l
threshold functions defi ned on Ì (Ð) is denoted by F(P).
In what follows, we need à subset F, (Ð) of the set F(P).
F, (Ð) includes those and only those functions in F(P)
for which there exists the threshold inequality (2) with
the coefficient à<> > Î .

! ! ( ( ( + ] ) ( i I + 4 )/ 2 ~ I i + l ) l l + ! (5 )(i Î , . . ., è) .

Pr oof :

The theory of linear inequalities (see, for example, [6])
impl ies that there exists in K~ à system of vectors
b, , . .., b, c 2" ' such that any b c K(f) is their linear
combination with nonnegative coeffi cients and for any
i = 1, 2, . .., s there is such à subsystem that consists of
(n + 1) inequalities of (3) and becomes an equal ity ott b; .Thus, the vector b; can be chosen so that its ó'-th ñî î ãé -

nate b;, coincides with an accuracy up to à sign with the
determinant of the submatrix of the order (n + 1) of à
matrix composed of coeffi cients from (3). Hadamar
inequality and the estimate from Lemma 1 yield:

Let an oracle allowing to defi ne ß õ) f rom an arbi-
trary point x c M(P) be associated with each function
f e F(P). Âó decoding the function f c F(P) we mean
the procedure of using the oracle ñî fi nd numbers
a~, ..., aÄ such that the equality (1) is satisfi ed. Follow-
ing [3] , we cal l the threshold function decoding algo-
rithm À the quasipolynomi al one if for any f c F(P)
with à fi xed ë the number ê(À) of cal ls for the oracle
and the number ð(À) of arithmetic operations required
are bounded f rom above to polynomials in ò and logtx.

(n + ! )/ 2 + (n + l ) ( n + ! ) / 2 ( n + ! ) ã

( Ë + 1 ) à3. AUXIL IARY RESULTS

(n + 1)( è + 4 ) / 2 (ë + 1) 1

(~ + 1) à

Òî conclude the proof , we only note that if there exists
à rational solution (à~, ..., à„ , ò) of (3) for ò ) Î , there
also exists an integer-valued solution that meets this
requirement. The lemma is proved.

L em m a 1 (see, f or exam p le, [6] ) . N o com ponent of
any integer-valued vector in P exceed s (ë + 1)<" ' ~~~à " "

Üó àï àÜÿî !è (å ÷àø å .

E ac h f u nc t io n f ' c F ( P ) i n (è + 2 )-d i m ensio nal vec -

to r space is asso c iated w i t h t he ñî ï å K (f ) o f di vi di ng
f unct i onal » (a <>, . . . . « „ , ò) , w h ich descr i bes the f o l low -
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II ( 4 )

f a x ; > a o + t ( o r a l ) õ = ( õ „ . . . , x Ä ) à N , ( f )

i = !

t > 0 .
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Consider now the category F, (Ð). Clearly, for any
f e F, (P) there exists à threshold of the form

Ü) Let õ = (õ, ,
Õ"- , x a; > a~+ 1. Then

Ì ,ô , that is« „ )

(6 )

where, as fol lows f rom Lemma 2, the coeffi cients a; can
be made rational and not superior modulo values from
the right-hand side of the inequal ity (5). Considering
the above, we write (3) as

> g õ,à, + g Å;õ; 2
2 à + ~

• |

, õ„ ) Å M o(f )for al l õ = (x Ä

(7 )

, õ„ ) å Ì , ( / ) .f or àÈ õ = (õ „
T h US,

~

( à ô + 1 )

(à~+ 1) n k
õ (ë + 1) î ( i - n(n + 3)/ 2 - ë(ë + 1)

and from Lemma 2:
~ 7 ,/ô ~ ) ( n ( 1) - n — ë(ë + 3)(n + 5)/2 ~ó — ë(ë + ))(n + 2)

The lemma is proved.
Remark. We denote by V the right-hand side of the

inequality (5):
1/ ( ( ~ 1) (n + 4)/2 ()(ë + !) ë + !

After simple calculations it is easy to see that
W' z W(f ) n {à = (à), . .., à„) ñ R" ~)à,.~ < 3V)

and so the volume of the domain W(f) ã) {à = (à , , .. .,
à„) c R" {[à;~ < 3V) is not smaller than the value in the

ï ô Ì àï ä side of (8) either.

IW( 6)I >In the space È" = ( (aÄ, . . ., à„ ) 1 the c losure of the set of

the so lut ions (î this system is à polyhedron )W(f ) )
w here any interior po int gives coef fi cients î é ëå thresh-
o ld inequal ity (6) î Å the funct ion f . We denote Úó ( W(f ) )
the vo lume of the po lyhedron W(f ).

L em m a 3. For any function f å F, (Ð)

~ Ü 5 ! ) (ë + 1)-"'" + ' "" " " ' - "à (" + " <" +' >. (8)

Proof :

L et (èä, . . ., à„ ) be the coeffi cients whose existence
was asserted by L emma 2. Suppose now w = (w , , . . ., wÄ),
w here w; = 2è;/ (2àä — 1) (i = 1, . . ., è). L et us show
that ï î ( on ly w c W(f ) but even the w hole domain

I I

~ ' = g [ w ; - 1~ 2 (n~+ ~) ~ ,

i = !

è, + 1/ 2(Clp+ l )tlk ] ñ W(f ),

à) L et x = (s <,

T hen

4. ÒÍ Å AL GORITHM
This section describes and substantiates the qua-

sipolynomial algorithm A~ of decoding the function
f c F(P). We again impose an additional requirement:
f e F, (Ð). The algorithm À~ described below decodes
under this assumption which is easy to get rid of , as we
will demonstrate later on.

Òî decode f , it is suffi cient to fi nd an arbitrary point
à = (à, , . .., à„) e W(f). The algorithm A~ produces suc-
cessively hypotheses à" ', a~~', . .., à"' , .. . about the ÷åñ-
tor à. Every time à hypothesis à"' is verifi ed Úó à series
of cal ls for the oracle. If the hypothesis is correct (that
is nt~~ c W(f)), the algorithm A~ fi nishes the work . Oth-
erwise the results of the verifi cation — values of the
function at several new points in Ì (Ð) — û å used.
These points and the values at them give the ñî åé -
cients î é ëå inequalities which any point in W5 should
satisfy.

( ãè, + kn

2ap + I 2 (ap + 1)kn

= ! — + <
2ao+ 1 2ao+ 2
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Cartesian product Ã, õ Ã2 õ . .. õ Ã„ . For this purpose
we consider the point è = (è, , . .., è„) e R" such that
è; = w, + å, (i = 1, . . ., è) and E; e [ — 1/2(aa + 1)nk;
1/2(è„ + l )nk] .
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rithm AQ fi nished the work, the function f c F, (Ð) is
decoded, i .å., the next hypothesis à<'> e W(f ).

L emma 4. Let g, f å F(P). I f for any point x c N~(g)
ß õ) = 0 and for any point x e N,(g)p x) = 1, then g = f .

The proof clearly fol lows from the equivalence of
the systems (3) and (4).

Òî estimate the number of cal ls for the oracle in A~
we use fi rst the following geometric lemma (!Î ~ desig-
nates the volume of the domain 0 ).

L emma 5 (see, for example, [8]) . Let G be à
bounded closed convex body in R" and G, and G be the
parts into which G is divided by the hyperplane passing
through the centroid of the body. Then

where e is the base of natural logarithms.

This lemma shows that the choice of the centroid of
W, as the next hypothesis à<'> real ly guarantees à signif-
icant reduction at least by à factor of (e — 1)/e î êî ï å vol-
ume of the suspicious domain: the polytope WÄ is
certainly convex and a<' > 6 WÄ , or (in the last resort)
à" is in the boundary of WÄ , and so WÄ > is contained
entirely in one of the parts into which W, is divided by
the hyperplane passing through à' >. I t follows from
there and from the remark to Lemma 3 that any func-
tion f e F, (Ð) wil l be decoded in ï î ò î ãå than S
hypotheses of the form "à" ' c W(f)?" where

log(l eÈ w(y)j)
m ax + 1

l oge/ ( e — 1)

The algorithm starts searching the point à c W(f)
f rom à suspicious domain

WÄ = — (w = (w .. ., wÄ) ~!w ~< ÇV (ñ= l , ..., n) 1

gradually reducing its volume and producing à sequence
of embedded polytopes: é '~ ~ W, ñ . . . ~ W,. ñ .. .. The
verifi cation of the next hypothesis à"' either fi nishes the
work of the algorithm or adds new inequalities to the
ones that describe W, The point a"' , however, does not
satisfy these new inequalities. Hence, to guarantee fast
decoding (or, ñî be exact, ñî reduce quickly the volumes
of the polytopes WÄ) i t is necessary to take the points
from the center of the polytope WÄ (see [7]) as the
hypotheses à' " , à(~), .. ., a' "'. Âó giving different defi ni-
tions of the center of the polytope we obtain different
decoding algorithms. The center of the polytope W, is
taken in this paper ñî be its centroid, i .å., the point

J, û

The polytope W,. has à nonzero volume as implied by
lemma 3 and so a"' is its interior point.

Let us proceed now ñî the step-by-step description

of the algorithm A~.

Set M () ì È and M ( .= ß at the preliminary step.
At the (Çs — 2)th step (s = 1, 2 . ..) fi nd the point

à ' = (è , , à~' , ..., à„' ) — thecentroid of W,described

by the system of l inear inequalities

é

g w;x ; < 1 for àÏ x = ( r ,, ..., «„) à Mo(f )
i = I

Ï (9)
g â ;ê; > I for àÏ õ = (ë ,, . . ., xÄ) à Ì ,(f )

i = I

jw;] < ÇÐ (i = 1, 2, .. ., n ) .

We use the estimates (5) and (8) to fi nd that the neces-
âàãó number of hypotheses is bounded from above to à
l inear function of log à . And the number of questions ãî
the oracle for testing one hypothesis, as the fol lowing
lemma shows, is O(m~~ ~log" ' tx).

L emma 6 [9| . If the polyhedron Q ~ R" is set by the
system ! of l inear inequal ities with integer-valued coef-
fi cients that 4î not exceed p by an absolute value, the
number of vertices in the convex envelope of the setg r i ~" is î (ä"× îä"- 'ô + «).

Üåò ò ï ï 2 àï 4 6 imply that the power [È ~' '~ of the

set NÄ" ' (v = Î , 1) constructed at step (Çs — 1) of the

algorithm is O(m~~ >log" 'u ). Taking into account the
estimate of the number of hypotheses "à' > ñ W(f)?" , we

get

ê (À~) = 0 (ò log à )

Step Çs — 1. Defi ne the set N~ of extreme points of
the convex envelope of the set M(P) ï {õ = (õ, , õ2, . ..,
õ„))~ ", ,õ à; < ) ) end the set N ',; of exttemepoints

of the convex envelope of the set M(P) ï (õ = (õ,, õ~, .. .,
õ„))g ". , õ à; > I ) .

Step Çs. Use the oracle to fi ndp x) for each point x
in N~' and N ," . If for some õß õ) = 1 — v and õ ñ NÄ

(v = Î , 1), include x in the set Ì , . If there are ï î such

points, i .å., ï î points were hdded either in Mo or in M i
at this step, stop.

Suppose àÏ the procedures used by the above algo-
rithm (fi nding the centroid, fi nding the sets of extreme
points, etc.) can be performed in à finite number of
steps. The following lemma shows then that if the algo-

To estimate ð(À~) , we give some ò î ãå defi nitions
(see, for example, [6]). The length î~é å rati onal number
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p = p l q , w he re p and q are c op r i m es, and the l eng th of
the r a ti n na l vecto r h = ( p , , . . . , pÄ) are, respec ti ve l y ,

s ize( p ) = ! + !î ä , ( ~ð ( + 1) + lo g@(]@ + 1) ,

i ize(h ) = è + s ize( p ,) + . . . + s ize( pÄ) .

L em m a 7 . L et t he po ly tope Q c : R" be defi ned by the

sy stem 1 î Ô l i near inequ al i t ies w i th i n teger -v al ued co ef -

fi c ien ts t hat d o no t ex ceed p by an abso lu te val ue . T hen
the centro id à o f the po ly tope g i s à rat io nal p o in t o f à
leng th no t g reater t han à po ly no m i al i n I and l og ) and
there ex i sts an a lgo r i t hm o f i ts searc h i ng , w h i ch i s p o l y -

no m ial i n l and log ) .

P r oo f :
L et u s const ruc t t h i s a lg o r i thm . F i r st w e fi nd the p ar-

t i t io n o f the po ly tope Q i n to the sim p lexes S; , i .å ., w e
o bta in t he rep resentat i on

( 10) î

0 = U S;
i' = I

such that S; ( = 1, . .., a ) is à simplex and the affi ne
dimensions of any two different simplexes in this rep-
resentation are less than è. The algorithms that can
build the l ist of vert ices of the simplexes S,, .. ., S~ from
the system of inequalities describing the polytope Q
during the time which is polynomial ly bounded in 1and
log( for à partition (10) were described in [ 10). The
centroid .", = (: , .. ., ~„) and the volume (5~ of the sim-
plex S are known to be given, respectively, by

<î > <~> (ï )
+ V ) + . . . + V ;

~~

rithm follow now from the above formulas. The lemma
is proved.

The number î é Ëå inequali ties in the system (9) that
describes the polytope W, can obviously exceed the
total number of questions to the oracle only by 2è.
A bsolute values of the coeffi cients of this system, as i t
fol lows f rom Lemma 2, are bounded from above by à
polynomial in a with à fi xed è. From Lemma 7, we have
that the centroid à<" of the polytope W, at step (3s — 2)

of the algorithms A~ can be found during the time that
is bounded polynomial ly in ò and log u . To fi nd the sets
N~ and N ,' at step (3s — 1) we use the algorithm of

constructing extreme points of the convex envelope,
polynomial for à fi xed è, of the integer points of à poly-
hedron (see [ 11]). Due to the boundedness of the length
of the vectors à<"> (s = 1, 2, .. .), polynomial in ò and
Iogu , the sets Ô< and N ',"' w il l be found during the

time that is bounded polynomial ly in ò and loga with

à fi xed n. The quasipolynomiali ty of the algorithm A~
is proved.

What remains is to get ãÛ of the assumption that
f e F, (Ð). Suppose now that f ÿ F(P). We use the ora-
cle to fi nd the value of g x) in al l vert ices of the convex
envelope of the set Ì (Ð). If it turns out that for each
such vertexg x) = v , theng x) = v (v = Î , 1). Otherwise,
having selected any vertex v, where f (v ) = 0 we trans-
fer the origin of coordinates to the point v, i .å., we per-
form the transformation

õ' = õ — v.

Then Ð becomes à new polytope Ð' and the function f
becomes f '.<î )

V )

( 1)
V i

<î >
< ï

( 1)
ISI =

~

( n ) (n )
+ n

~

f '. Ð' = (Î , 1).

Clearly, f ' e F, (Ð') and so we can apply the algorithm

À~ to decoding/ '. Thus, we proved the fol lowing

Theorem 1. There exists the algorithm A~ of decod-
ing à threshold function in the category F(P), for which
the computational cost ð(À~) is limited by à polynomial
in ò and logu , and the number ê(À~) of cal ls for the
oracle is O(m'~ 1log

where vÄ = ( v , , v z , . .., v Ä ) (p, = Î , 1, .. ., è) are (v). (w) (v)

the vertices î Ô S, and to determine the volume we take
the absolute value of the appropriate determinant. The
coordinates of the centroid à = (a,, .. ., aÄ) of the whole
polytope Q are expressed then through the coordinates
ã" = ( ;,, , .. ., :.„ ) of the centroids and volumes JS;J of

the simplexes S; as follows:

The estimates of the lengths of the components of
the centroids è and the computational cost of the algo-
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g e r - v a l u e d p r o g r a m m i n g , d i sc r e t e

o p t i m i z a t i o n , a n d t h r e sh o l d f u n c -

t i o n s o f k - v a l u e d l o g i c . A u t h o r o f

8 p a p e r s .
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