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Abstract—An algorithm of decoding a threshold function defined on the set of integer points of an arbitrary
polytope is proposed. For any fixed dimension, the algorithm requires a polynomially bounded number of ques-
tions about the value of the function at a point. The set of all integer points of the polytope can be interpreted
as the set of some objects divided into two categories. The algorithm can be useful in solving pattern recognition
problems provided the dividing surface is a hyperplane and that the category can be defined from its arbitrary

object.

I. INTRODUCTION

Let objects in a collection be characterized by a set
of n numerical parameters (features) and divided into
2 categories (patterns). Then each object can be repre-
sented by a point and the whole collection by a domain
in n-dimensional space. Each category is associated
with its subdomain. Consider the case, where parame-
ters of the objects are integers and the domain corre-
sponding to the whole collection is bounded and repre-
sents the set of integer solutions to a given system of
linear inequalities (the set of integer points of a poly-
tope). Suppose the subdomains that represent different
patterns can be divided by a hyperplane. As it was
noted, for instance, in [1], this case is of “great practical
importance.” We assume that from an arbitrary object
in the collection we can define which category it
belongs to out of two categories and we also assume
that any object in the whole collection is accessible for
this definition at any time. These conditions set, we for-
mulate the problem of defining the coefficients of the
dividing hyperplane in the least possible number of
examinations of the objects and during an acceptable
time for intermediate calculations.

The threshold function of k-valued logic of n vari-
ables [2] is a mapping of a hypercube {0, 1, ..., k- 1}"
into the set {0, 1} such that there exists a hyperplane
separating the set of points where the function is O from
the set of points where the function is 1.

The problem of decoding threshold functions of
k-valued logic is considered in [3]. By the decoding
algorithm, we mean a procedure of finding the coeffi-
cients of the dividing hyperplane by means of questions
about the value of the function at a point. It is shown in
[3] that for any fixed n there exists a polynomial algo-

The work was sponsored in part by the Russian Foundation for
Basic Research, project no. 93-01-00491.

Received December 26. 1995

Partern Recognition and Image Analysiy, Vol. 7. No. 2, 1997, pp. 235-240.

rithm of decoding the threshold function of k-valued
logic, i.e., the number of questions about the value of the
function and the number of necessary operations are lim-
ited in this algorithm to some polynomials of logk. As it
was shown in [4], the algorithm described in [3]
requires

K = 0((]ogk)n+[n/2](n-l))

questions about the value of the function at the point
(logo is understood henceforth as log,0 and it is
assumed in formulas using the upper-case O that the
dimensionality of the space n is fixed).

A class of examples is investigated in [3] to demon-
strate that an algorithm which would guarantee decod-
ing any threshold function of k-valued logic of n vari-
ables after a number of questions bounded polynomi-
ally in n and log k& does not exist.

We discuss below the following generalization of
the concept of threshold function, which can expand
considerably the application of the problem. Let the
definition set of the function f be the set of integer
points of a n-dimensional polytope P:

fFPAZ—{0,1}.

We again call f the threshold function if there exists a
hyperplane in R", which separates the set of zeros of f
from the set of units. Let P be defined by the system m
of linear inequalities with integer-valued coefficients
that do not exceed o by an absolute value. We propose
here an algorithm A, that decodes for any fixed n an
arbitrary threshold function defined on P N Z during
the time bounded polynomially in m and logo using
O(m!*Nog" o) questions about the value of the function
at a point. Note that for the case of threshold functions
of k-valued logic the similar result (O(log"k) questions
are sufficient for decoding) was obtained in [5].
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2. DEFINITION AND NOTATION

Let the polytope P be given by the system of m lin-
ear inequalities with integer-valued coefficients that do
not exceed 0. by an absolute value. We denote the set
of the integer points of the polytope P by M(P). Sup-
pose

fM(P) — {0,

My(f) and M (f) are the sets of points x where f is zero
or one, respectively, that is

M (H) ={xe M(P)Ifx)=v} (v=0, 1)

N, is the set of extreme points of a convex envelope of
the set M,. The function f{x) is the threshold one if there
are real numbers a; (i =0, 1, ..., n) such that

2 %,) € M(P)| Y aix;Sag}. (1)

i=1

x=(x|,

My(f) =

The inequality

Za,-xi <a, (2)

is called the threshold inequaliry of f. The set of all
threshold functions defined on M(P) is denoted by F(P).
In what follows, we need a subset F,(P) of the set F(P).
F.(P) includes those and only those functions in F(P)
for which there exists the threshold inequality (2) with
the coefficient a, > 0.

Let an oracle allowing to define f{x) from an arbi-
trary point x € M(P) be associated with each function
fe F(P). By decoding the function f € F(P) we mean
the procedure of using the oracle to find numbers
ay, ..., a, such that the equality (1) is satisfied. Follow-
ing [3], we call the threshold function decoding algo-
rithm A the quasipolvnomial one if for any f € F(P)
with a fixed n the number k(A) of calls for the oracle
and the number p(A) of arithmetic operations required
are bounded from above to polynomials in m and logo.

3. AUXILIARY RESULTS

Lemma 1 (see, for example, [6]). No component of
any integer-valued vector in P exceeds (n + 1) +3205+!
by an absolute value.

Each function fe€ F(P) in (n + 2)-dimensional vec-
tor space is associated with the cone K(f) of dividing
functionals (ay, .... a,, T), which describes the follow-
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ing system of linear inequalities (compare [2]):

n
ZGixiSao forall x = (x|,

5 Xn) € Mo(f)

. (3)
Za,xi2a0+1: forall x = (x,, ,x,)e M,(f)
i=1

120.

Any solution (ay, ..., a,, T) of this system defines the
threshold inequality (2) for f with the threshold value
T > 0. The opposite is also true: the coefficients (ay, ..., a,)
of any threshold inequality of the function f € F(P) sat-
isfy the system (3) for a positive value of the threshold 1.
Clearly, the system (3) is equivalent to the system

ZaixiSao forall x = (x,...,x,) € No(f)

i=1

/ = 4)
Y ax;2ap+7t forall x = (x,, ..., x,) € Ni(f)
i=1

- 120.

Lemma 2 (see [3]). For any function f € F(P) there
exists the threshold inequality (2) such that its coeffi-
cients (ay, ..., a,) are integer-valued and

la} S ((n+ 1)a+H2gn+ b+l (j=0,...,n). (5)

Proof:

The theory of linear inequalities (see, for example, [6])
implies that there exists in K(f) a system of vectors
by, ..., b, € Z"** such that any b € K(f) is their linear
combmatlon with nonnegative coefficients and for any
i=1,2, ..., s there is such a subsystem that consists of
(n + 1) inequalities of (3) and becomes an equality on b;.
Thus, the vector b; can be chosen so that its j-th coordi-
nate b; coincides with an accuracy up to a sign with the
deten'nmant of the submatrix of the order (n + 1) of a
matrix composed of coefficients from (3). Hadamar
inequality and the estimate from Lemma 1 yield:

(n+3)72 n+1)"+

byl < (n+ D™+ 1)

= (n+ l)(n+l)/2+(n+3)("+|)/2a("*l)z

2
n+ 1} n+d)/2 n+l

=(n+1)

To conclude the proof, we only note that if there exists
a rational solution (ay, ..., a,., T) of (3) for T > O, there
also exists an integer—valued solution that meets this
requirement. The lemma is proved.
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Consider now the category F,(P). Clearly, for any
f€ F.(P) there exists a threshold of the form

n
Zaixis 1,

i=1

6

where, as follows from Lemma 2, the coefficients a; can
be made rational and not superior modulo values from
the right-hand side of the inequality (5). Considering
the above, we write (3) as

n

2 a;x; <

i=1

’ xn) € MO(f)
Q)

forall x = (x,,

Y oaix;> forall x = (x, ,x,)e M(f).

In the space R" = {(q,, ..., a,)} the closure of the set of

the solutions to this system is a polyhedron |W(p)|
where any interior point gives coefficients of the thresh-
old inequality (6) of the function f. We denote by | W(f)|
the volume of the polyhedron W(f).

Lemma 3. For any function fe F,(P)
~11(r1 + 3)(1t 4+ 52 —nnpy—ri(nt + 1) + 2)
(WHI2(n+1) o .

(®)

Proof:

Let («ay, ..., a,) be the coefficients whose existence
was asserted by Lemma 2. Suppose now w=(w,, ..., w,),
where w; = 2a;/(2a, ~ 1) (i = 1, ..., n). Let us show

that not only w € W(f) but even the whole domain
W = H[w,.- 1/2(ay+ 1)nk,

i=1

w, + 1/2(ao+ l)nk] o= W(f)’

where k = (n + 1)"*+32q"+! and HL , i denotes the

Cartesian product I'y x I'; X ... x I',,. For this purpose
we consider the point u = (4, ..., 4,) € R" such that
ui=w, + & (=1,..,n)and g € [-1/2(ay + 1)nk;
1/2(ay + 1)nk].

a)Letx=(v, ,x,)e Myf),thatis ZL | Xia; S ag
Then

n n

n
_ 24,
Z“,'xi Lo ZWXIH- ZE,»xi

i=1 i=1 i=1

< 2a0 + kn
2a+ 1 2(ag+ 1)kn

- l_2a0+1+2a0+2<
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b) Let x = (x, ., x,) € M), that is
Z:‘=|x,-a,~2ao+l.Then

n

n 2 ;
Z Uiki = Z 2ao‘:-

i=1 i=1

n n
2
D a: X
2 et 1 Z xa; + E €iX;

i=1

n
X;+ ze,-x,-

i=1

i=1

2ap+ 1) kn
’ 2ao+ 1 2(ao + l)kn
1 1

1

I a1 2942

Thus,

W2 —o—= = (ao+ 1)"n"
(ap+ 1) nk

- 32~ 1
X(n+1) n(n+3) an(n-i- )

and from Lemma 2:
I W(f)l > (n + 1)-n —n(n+3)n+5)2 a—n(n + 1)(n+ 2).

The lemma is proved.
Remark. We denote by V the right-hand side of the
inequality (5):
V= ((n + 1)(n +4)2 ot l)n+ l.
After simple calculations it is easy to see that
WcWhHhnia=(a,...,a,) € R|a]| <3V}
and so the volume of the domain W(f) n {a=(a,, ...,

a,) € R*||a;| £ 3V} is not smaller than the value in the
right-hand side of (8) either.

4. THE ALGORITHM

This section describes and substantiates the qua-
sipolynomial algorithm A, of decoding the function
f € F(P). We again impose an additional requirement:
f€ F,(P). The algorithm A, described below decodes
under this assumption which is easy to get rid of, as we
will demonstrate later on.

To decode f, it is sufficient to find an arbitrary point
a=(a,...,a,) € W(f). The algorithm A, produces suc-
cessively hypotheses a'"), a®?, ..., a", ... about the vec-
tor a. Every time a hypothesis a is verified by a series
of calls for the oracle. If the hypothesis is correct (that
is a¥ € W(f), the algorithm A, finishes the work. Oth-
erwise the results of the verification—values of the
function at several new points in M(P)—are used.
These points and the values at them give the coeffi-
cients of the inequalities which any point in W(f) should
satisfy.
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The algorithm starts searching the point a € W(f)
from a suspicious domain
Wo={w=(w, ...w)lIw| <3V, (i=1, ..., n)}

gradually: reducing its volume and producing a sequence
of embedded polytopes: Woc W, < ... c W, < .... The
verification of the next hypothesis a’ either finishes the
work of the algorithm or adds new inequalities to the
ones that describe W,. The point a**, however, does not
satisfy these new inequalities. Hence, to guarantee fast
decoding (or, to be exact, to reduce quickly the volumes
of the polytopes W,) it is necessary to take the points
from the center of the polytope W, (see [7]) as the
hypotheses a'"), a?, ..., a*). By giving different defini-
tions of the center of the polytope we obtain different
decoding algorithms. The center of the polytope W, is
taken in this paper to be its centroid, i.e., the point

R
Ju &

The polytope W, has a nonzero volume as implied by
lemma 3 and so @ is its interior point.

Let us proceed now to the step-by-step description
of the algorithm A,.

Set Mo :=Q and M, := & at the preliminary step.
At the (3s - 2)th step (s = 1, 2 ...) find the point
a = (&, al", ..., a'") —the centroid of W, described
by the system of linear inequalities
Foon

Zw,x,-Sl forall x = (x, ..., x,) € My(f)
i=|

n (9)
Y wixi21 forall x = (x,,..., x,) € Mi(f)

i=1 '

jw|<3V (i=1,2,...,n).

Step 3s — 1. Define the set Nf,") of extreme points of
the convex envelope of the set M(P) N {x = (x, xz, ...,
x,,)IZ?= Ix,-af"') <1} andtheset N f"‘) of extreme points
of the convex envelope of the set M(P) N {x=(x}, x;, ...,
x,,)IZL Ix,-af” >1}.

Step 3s. Use the oracle to find f{x) for each point x
in N and N\ If for some x Aix) =1 ~vand x € N,
(v =0, 1), include x in the set M,. If there are no such

points, i.e., no points were added either in Mo orin M,
at this step, stop.

Suppose all the procedures used by the above algo-
rithm (finding the centroid, finding the sets of extreme
points, etc.) can be performed in a finite number of
steps. The following lemma shows then that if the algo-
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rithm A, finished the work, the function f € F,(P) is
decoded, i.e., the next hypothesis a®) € W(y).

Lemma 4. Let g, fe F(P). If for any point x € Ny(g)
fAx) =0 and for any point x € N\(g) fix) =1,theng=f

The proof clearly follows from the equivalence of
the systems (3) and (4).

To estimate the number of calls for the oracle in A,
we use first the following geometric lemma (|G| desig-
nates the volume of the domain G).

Lemma 5 (see, for example, [8]). Let G be a
bounded closed convex body in R” and G, and G_be the
parts into which G is divided by the hyperplane passing
through the centroid of the body. Then

n Y e—1
max{|G,|, |G|} < (1 —(n pe 1) )|G| < TIGl’

where e is the base of natural logarithms.

This lemma shows that the choice of the centroid of
W, as the next hypothesis a* really guarantees a signif-
icant reduction at least by a factor of (e — 1)/e of the vol-
ume of the suspicious domain: the polytope W, is
certainly convex and a® ¢ W, or (in the last resort)
a is in the boundary of W, , , and so W, , is contained
entirely in one of the parts into which W, is divided by
the hyperplane passing through a'9. It follows from
there and from the remark to Lemma 3 that any func-
tion f € F,(P) will be decoded in no more than S,
hypotheses of the form “a®® € W(f)?” where

_ log(|Wol/IW()])
Swax = oge/e=1) *

We use the estimates (5) and (8) to find that the neces-
sary number of hypotheses is bounded from above to a
linear function of log .. And the number of questions to
the oracle for testing one hypothesis, as the following
lemma shows, is O(m™@log"~ o). -
Lemma 6 [9]. If the polyhedron Q < R" is set by the
system [ of linear inequalities with integer-valued coef-
ficients that do not exceed P by an absolute value, the
number of vertices in the convex envelope of the set
Q N Zris O(I"Aog™- (B + 1)).

Lemmas 2 and 6 imply that the power IN&‘)I of the

set N9 (v =0, 1) constructed at step (3s — 1) of the
algorithm is O(m"?llog” - 'ov). Taking into account the
estimate of the number of hypotheses “a? € W()?”, we
get

x(Ay) = O(m" *og" o)

To estimate p(A,), we give some more definitions
(see, for example, [6]). The length of the rational number
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B = p/q, where p and g are coprimes, and the length of
the rational vector b = (B, ..., B,) are, respectively,

size(B) = 1 + log,(Ip| + 1) + logy(Iq| + 1),
size(b) = n + size(B,) + ... + size(B,).

Lemma 7. Let the polytope Q < R" be defined by the
system [ of linear inequalities with integer-valued coef-
ficients that do not exceed 3 by an absolute value. Then
the centroid o of the polytope Q is a rational point of a
length not greater than a polynomial in / and log[3 and
there exists an algorithm of its searching, which is poly-
nomial in / and log .

Proof:

Let us construct this algorithm. First we find the par-
tition of the polytope Q into the simplexes S;, i.e., we
obtain the representation

Q = US, (10

i=1
such that S; (i = 1, ..., 0) is a simplex and the affine
dimensions of any two different simplexes in this rep-
resentation are less than n. The algorithms that can
build the list of vertices of the simplexes S|, ..., S, from
the system of inequalities describing the polytope Q
during the time which is polynomially bounded in / and
logP for a partition (10) were described in [10]. The
centroid z = (z,, ..., z,) and the volume |S] of the sim-
plex S are known to be given, respectively, by

0 1
v+ v vl

b

; =
n+
(0) (0)
1 Vi
m )
sl= < Ve
n!
{(n) (n)
| vV,
(e __ (W) ()
where v, = (v , vy , ..., Vy Yy (=01, ..., n)are

the vertices of S, and to determine the volume we take
the absolute value of the appropriate determinant. The
coordinates of the centroid a = (ay, ..., a,) of the whole
polytope Q are expressed then through the coordinates

. { /) .
2 = (z,,'), z_,(,' ) of the centroids and volumes |S;| of

the simplexes S; as follows:

o .
> Isds"

i=1

a; =

s

i=1

The estimates of the lengths of the components of
the centroids a and the computational cost of the algo-
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rithm follow now from the above formulas. The lemma
is proved.

The number of the inequalities in the system (9) that
describes the polytope W, can obviously exceed the
total number of questions to the oracle only by 2n.
Absolute values of the coefficients of this system, as it
follows from Lemma 2, are bounded from above by a
polynomial in o with a fixed n. From Lemma 7, we have
that the centroid a'? of the polytope W, at step (3s — 2)

of the algorithms A, can be found during the time that
is bounded polynomially in m and log o. To find the sets

N(().\-) and Nf“" at step (3s — 1) we use the algorithm of

constructing extreme points of the convex envelope,
polynomial for a fixed n, of the integer points of a poly-
hedron (see [11]). Due to the boundedness of the length
of the vectors a* (s = 1, 2, ...), polynomial in m and

logo, the sets NS and N will be found during the
time that is bounded polynomially in m and logo with
a fixed n. The quasipolynomiality of the algorithm A,
is proved.

What remains is to get rid of the assumption that
f€ F,(P). Suppose now that fe€ F(P). We use the ora-
cle to find the value of f{x) in all vertices of the convex
envelope of the set M(P). If it turns out that for each
such vertex f{ix) = v, then fx) =v (v =0, 1). Otherwise,
having selected any vertex v, where f(v) = 0 we trans-
fer the origin of coordinates to the point v; i.e., we per-
form the transformation

X=x-w

Then P becomes a new polytope P' and the function f
becomes f":

[ P—{0,1}.
Clearly, f' € F,(P") and so we can apply the algorithm
Aq to decoding f'. Thus, we proved the following

Theorem 1. There exists the algorithm A, of decod-
ing a threshold function in the category F(P), for which
the computational cost p(A) is limited by a polynomial
in m and logc, and the number k(A4,) of calls for the
oracle is O(m"?llog"ar).
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