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T he problem of deciphering t hreshold funct ions of k-valued logic of â arguments
è considered . À polynomial deciphering algor it hm is proposed which , given â , uses at
most O(log" (k + 1)) appeals to the î ãàñ1å.

I n t r o d u c t i on

Consider the fol lowing two-person game. On t he playing boar d Â (2, É) con-
sist ing of al l point s (õ , y ) Å Z ~ such that 0 < z < É — 1, 0 < y < É — 1,

t he fi r st player chooses two dist inct point s and fi nds t he equat ion àõ + by = ñ of

t he l ine through them . T he second player must fi nd t he equat ion of t his l ine by

choosing point s (õ ;, y ;) C Â (2, É) and ask ing the fi r st player whether i t i s t rue
t hat as , + by , < ñ. From t he point of view of the second player , i t is nat ur al Ñî

fi nd à st r ategy guar anteeing t he answer wit h à smal l number of quest ions and àë

admissible t ime for comput ing the coordinates (õ ; , y ; ) . Gener al izing t hi s si t uat ion ,

we int roduce the fol lowing not at ion and not ions [1, 2] .
Let É and è be posi t ive integer s, B (n , É) be the set of integral vect or s õ =

(õ ä, õ ~, . . . , õ „ ) âèñÜ ÑÜàÑ 0 < õ < É — 1 (J = 1, 2, . . . , è ) , f (X ) be à funct ion

mapping B (n , k ) into the set 10, 1) , M s(f ) and M q(f ) be the set s of vector s
õ = (õ ä, x z, . . . , õ „ ) such that f (x ) equals 0 and 1, respect ively, i .å., M p( f ) =

( õ Å B (n , É) J f (x ) = 0) , M z(f ) = ( õ Å B (n , É) ! f (x ) = Ö , and N ; ( f ) be t he

set of t he ex t reme point s of the convex hull of M ; ( f ) ( i = Î , 1).

À funct ion f (x ) i s à thr eshold f un ct i on if there exist real numbers a ; ( i = Î , 1,

. . . , è ) âèñÜ that

Ï

à;õ; < ap ( s

T he set of al l threshold funct ions defi ned on Â (è , É) is denoted Úó F (n , É) .
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Suppose that , to à function f Å F (n , É), there corresponds some oracle that
al lows us to compute f (x ) given x C B (n , é). We call âèñÜ oracle the Ì -oracle.
We understand the Ì -decipheri ng of the function f Å F (n , é) to be à procedure
for fi nding, with the help of the Ì -oracle, the numbers as, à| , . . . , aÄ for which

(1) is sat isfi ed.
An algorithm À for Ì -deciphering threshold funct ions is said to be poly-

nomi al if , for each function f f F (n , É), both the number ã(À ) of appeals Ñî
the oracle and the number ð(À ) of required operat ions are bounded above by some
polynomials in è and log(k + 1). (Throughout this paper , log denotes the base 2 log-
ar ithm.) In [2], it is proved that ï î polynomial algorithm exists for Ì -deciphering

threshold funct ions. With à fi xed dimension è , à polynomial algvri thm is called
quasipo ly nomi a L

In [l j , i t is observed that to defi ne a threshold function f , i t suffi ces to defi ne
either the set N s( f ) or the set N r ( f ), and it is shown that

IN ' (f )l ( (21og(k + 1))" (i = 0, 1).

In [3], à quasipolynomial algorithm is proposed for the construct ion of the
convex hull of the set Ì of integral solutions to à system of linear inequali t ies
based on the Lenst ra algorithm [4) for fi nding à point õ Å Ì and on the bound in
[5] for the number of the extreme points and faces of the convex hull of Ì . These
results are essent ial ly used in the quasipolynomial algorithm A ~ for deciphering
threshold functions which was developed in [2]. Later [6, 7], the upper bound of
ò(À | ) is lowered on using refi nement [3, 8, 9] of upper bounds on [Õ (; in [7], i t has

the form
ö ( ( ð ( ~ + 1 ) ) â + [ è / 2] ( è — ä) )

Note that ï î fur ther decrease in the exponent seems possible with this approach
since the bound on the number of extreme points obtained in [10] is best possible
in order [11, 12].

We propose à quasipolynomial algorithm A z for deciphering f Å F (n , é) such
that ò(À ð) = O(log" (é ~- 1)).

Òî const ruct the algorithm, we use the results of [13], where some more in-

format ive oracle is associated with à threshold funct ion. We call this oracle the
Å -orucle. It is defined as follows. Given any integers as, àä, . . . , à„ , the Å -oracle
of the function f Å F (n , k ) answers "yes" if M s(f ) satisfies (1); otherwise, i t an-
swers "no" and produces à point z = (zi , zq, . . . , zÄ) in B (n , É) âèñÜ that either
5.. ." , a;z; ) àî and f (z) = 0 (posit ive counterexample) or ~ ,' ,". ä a;z; < ap and
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f (z) = 1 (negat ive counterexample). We understand the Å- decipheri ng of à func-
tion f in the class F (n , É) to be à sequence of appeals to the Å -oracle of ( which
results in the answer "yes."

When const ructing the algorithm A ~ in Sect ion 2, we show that rather than
appealing once to the Å -oracle, i t suffi ces to appeal to the Ì -oracle O(log" (É +

1)) t imes.

1. P r e l i m i n a r y R esu l t s

W e fi r st r ef or m u l at e t he fol low i ng r esu l t i n [10] .

L em m a 1 . I et Ð be à polyhedr on defi ned by à sy stem of ò li near i n equali ti es
wi th i n tegr al coeffi ci en ts whose absol ute values do not exceed n , l et M ( P ) be the

i n ter secti on of Ð wi th the i n teger lat ti ce, and let 1Ö Ð ) be the set of the ex tr em e

p oi n ts of the con vex hul l of M (P ). Then , for any fi xed ò and è , i t i s tr ue that
IN (P )l = O(log n" ' ).

L em m a 2. Suppose the coeffi ci ents à ä, àä, . . . , aÄ wi th the length of the
binary notytion bounded above by à polynomi al i n 1î ä(É + 1) are presented to the
Å -oracle. Then, i n ti me polynomi al i n log(k + 1), each çääñÜ appeal to the Å -oracle
ñàë be reduced to 0 (log" ' (é + 1)) questi ons to the Ì -oracle (è i s fi xed).

PROOF. First , using the algorithm in [3], fi nd the set N (as, àä, . . . , à„ ) of
ver t ices of the convex hull of the set

õ Å B ( n , é )

à

à;õ, < àî

Next , with the help of the Ì -oracle, consecutively checking the value of f at each
of these points, fi nd à point z C 1V(as, à~, . . . , aÄ) ÿèñÜ that f (z) = 1 or fi nd the

absence of such points. Obviously, in the fi rst case, z is à negative counterexample.
In the ÿåñî ï Ä ñàÿå, construct the set N '(as, à~, . . . , é„ ) of vertices of the convex

hull of the set
è

à;õ; ) àî
i = 1

and appeal to the Ì -or acle at each point in N ' (às, àä, . . . , à „ ) un less à point
z' C N ' (as, à ä, . . . , à „ ) is found such t hat f ( z' ) = 0 or 6nd t he absence of such
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points. In the fi rst ñàçå, z' is clear ly à posit ive counterexample whereas, in the

second ñàçå, as follows from [1],

è

~
à,õ; < àö

i .å., the function f is deciphered.
Thus, we have reduced one appeal to the Å -oracle to à series of appeal s to the

Ì -oracle. We give an upper bound for the number of âèñÜ appeals and the number

of required ari thmet ic operat ions. In [1], it is shown that , given à fi xed è , for each
f Å F (n , k ), there exist i ntegers b~(j = Î , 1, . . . , è ) such that ]Ü ! is bounded by
à polynomial in É and

ë

) ü*, < ü,
i = 1

I t follows from this and Lemma 1 that , for given à fi xed è ,

~Õ (àð, àä, . . . , à„ )~ = ~Õ (áð, Ü~, . , ü„ ~( = î ~ü ~ ' ' (~ + ~))

Similarly, it can be shown that ~1V' (às, à„ . . . , aÄ) ~ = O(log" ~(1 + 1)). Therefore,

the number of appeals to the Ì -oracle required for reducing one appeal to the Å -
oracle does not exceed O (log" ~(k + 1)).

Now we give an upper bound for the number of ar i thmet ic operat ions executed.
Òî fi nd points in the set N (bs, bq, . . . , î „ ), we made use of the algorithm proposed
in [3].

Given è , the running time of this algorithm is bounded by à polynomial in
log(n + 1), where à = max{ k , as, a~, . . . , aÄ) . Since, for given è , the length of the
binary notat ion of the coeffi cients a~ à~, . . . , aÄ is bounded above by à polynomial
in log(k + 1), the number of operations required for reducing one appeal to the
Å-oracle to à series of appeals to the Ì -oracle is bounded above by à polynomial

in log(k + 1). Lemma 2 is proved.

2. M ai n R esu l t s

We provide some clar ifi cat ions to the algorithm A s for Å -deciphering threshold
functions which was ðãî ðî çåé ø [13].



The algorithm À ä uses an algorithm of finding à point in à convex body W Ñ
Â" defi ned by the separated oracle (see, for example, [14]). The separated oracle
for W , for given à point Ü C R" , answers "yes" if Ü 6 W ; otherwise, the oracle
answers "no" and produces the coeffi cients of à hyperplane separating Ü from W .

Without loss of general i ty (see [13]), we may assume that as — — 1 in (1). Í åï ñå,
to each threshold funct ion f , there corresponds à convex body W (f ) = ( è E R" ]
M p(f ) = (õ ! (è , z ) < 1) ) in the space Â" .

Thus, the problem of Å -decipher ing à threshold funct ion can be stated as

a problem of fi nding à point in W ( f ).
In [13], à way to construct the separated oracle for W ( f ) based on the Å-oracle

for f is indicated. The ellipsoid algorithm [14, 15] can be used as an algori thm for
finding à point in à convex body.

We state the result of [13] as à theorem.

T h eo r em 1 [13] . Ther e exi sts an algori thm A s for Å -deci ph eri ng thr eshold

functi ons such th at , for gi ven à fi xed è , ò(À ~) = O (l og%) and both ð(À Ç) and the

length of the bi nary notati on of âàñÜ coeffi ci en t à î , à ~, . . . , aÄ under al l the app eal s
to the Å -or acle ar e bounded above by some p olynomi als i n log(k + 1).

T heorem 1 and Lemma 2 imply t he fol lowing

T h eor em 2. Gi ven à fi xed è , there exi sts à polynomi al algori thm for Ì -

Ñ„ log" (É + 1) questi ons on the val ue of the functi on f (x ) at à poi nt x , where Ñ„

i s à constant dependi ng only on è .
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