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1. ×òî òàêîå äè��åðåíöèàëüíîå óðàâíåíèå?



1. ×òî òàêîå äè��åðåíöèàëüíîå óðàâíåíèå?Ïðèìåð. Ïðåäïîëîæèì, ÷òî ñêîðîñòü ðîñòà íåêîòîðîé ïîïóëÿöèè ïðîïîðöèîíàëüíà ååîáúåìó.Íà êîý��èöèåíò ïðîïîðöèîíàëüíîñòè âëèÿåò ñåçîí.



1. ×òî òàêîå äè��åðåíöèàëüíîå óðàâíåíèå?Ïðèìåð. Ïðåäïîëîæèì, ÷òî ñêîðîñòü ðîñòà íåêîòîðîé ïîïóëÿöèè ïðîïîðöèîíàëüíà ååîáúåìó.Íà êîý��èöèåíò ïðîïîðöèîíàëüíîñòè âëèÿåò ñåçîí.Ïóñòü u(t) � îáúåì ïîïóëÿöèè.



1. ×òî òàêîå äè��åðåíöèàëüíîå óðàâíåíèå?Ïðèìåð. Ïðåäïîëîæèì, ÷òî ñêîðîñòü ðîñòà íåêîòîðîé ïîïóëÿöèè ïðîïîðöèîíàëüíà ååîáúåìó.Íà êîý��èöèåíò ïðîïîðöèîíàëüíîñòè âëèÿåò ñåçîí.Ïóñòü u(t) � îáúåì ïîïóëÿöèè.Ïðèõîäèì ê äè��åðåíöèàëüíîìó óðàâíåíèþu0 = (� + � sin!t)u:



1. ×òî òàêîå äè��åðåíöèàëüíîå óðàâíåíèå?Ïðèìåð. Ïðåäïîëîæèì, ÷òî ñêîðîñòü ðîñòà íåêîòîðîé ïîïóëÿöèè ïðîïîðöèîíàëüíà ååîáúåìó.Íà êîý��èöèåíò ïðîïîðöèîíàëüíîñòè âëèÿåò ñåçîí.Ïóñòü u(t) � îáúåì ïîïóëÿöèè.Ïðèõîäèì ê äè��åðåíöèàëüíîìó óðàâíåíèþu0 = (� + � sin!t)u:Êîý��èöèåíòû �, �, ! ïðåäïîëàãàþòñÿ èçâåñòíûìè.



1. ×òî òàêîå äè��åðåíöèàëüíîå óðàâíåíèå?Ïðèìåð. Ïðåäïîëîæèì, ÷òî ñêîðîñòü ðîñòà íåêîòîðîé ïîïóëÿöèè ïðîïîðöèîíàëüíà ååîáúåìó.Íà êîý��èöèåíò ïðîïîðöèîíàëüíîñòè âëèÿåò ñåçîí.Ïóñòü u(t) � îáúåì ïîïóëÿöèè.Ïðèõîäèì ê äè��åðåíöèàëüíîìó óðàâíåíèþu0 = (� + � sin!t)u:Êîý��èöèåíòû �, �, ! ïðåäïîëàãàþòñÿ èçâåñòíûìè.Òàêæå èçâåñòåí îáúåì ïîïóëÿöèè â íà÷àëüíûé ìîìåíò âðåìåíè:u(t0) = u0:



1. ×òî òàêîå äè��åðåíöèàëüíîå óðàâíåíèå?Ïðèìåð. Ïðåäïîëîæèì, ÷òî ñêîðîñòü ðîñòà íåêîòîðîé ïîïóëÿöèè ïðîïîðöèîíàëüíà ååîáúåìó.Íà êîý��èöèåíò ïðîïîðöèîíàëüíîñòè âëèÿåò ñåçîí.Ïóñòü u(t) � îáúåì ïîïóëÿöèè.Ïðèõîäèì ê äè��åðåíöèàëüíîìó óðàâíåíèþu0 = (� + � sin!t)u:Êîý��èöèåíòû �, �, ! ïðåäïîëàãàþòñÿ èçâåñòíûìè.Òàêæå èçâåñòåí îáúåì ïîïóëÿöèè â íà÷àëüíûé ìîìåíò âðåìåíè:u(t0) = u0:Ïîëó÷èëè çàäà÷ó: íàéòè �óíêöèþ u(t), óäîâëåòâîðÿþùóþ äè��åðåíöèàëüíîìóóðàâíåíèþ è íà÷àëüíîìó óñëîâèþ:( u0 = (� + � sin!t)u;u(t0) = u0:



1. ×òî òàêîå äè��åðåíöèàëüíîå óðàâíåíèå?Ïðèìåð. Ïðåäïîëîæèì, ÷òî ñêîðîñòü ðîñòà íåêîòîðîé ïîïóëÿöèè ïðîïîðöèîíàëüíà ååîáúåìó.Íà êîý��èöèåíò ïðîïîðöèîíàëüíîñòè âëèÿåò ñåçîí.Ïóñòü u(t) � îáúåì ïîïóëÿöèè.Ïðèõîäèì ê äè��åðåíöèàëüíîìó óðàâíåíèþu0 = (� + � sin!t)u:Êîý��èöèåíòû �, �, ! ïðåäïîëàãàþòñÿ èçâåñòíûìè.Òàêæå èçâåñòåí îáúåì ïîïóëÿöèè â íà÷àëüíûé ìîìåíò âðåìåíè:u(t0) = u0:Ïîëó÷èëè çàäà÷ó: íàéòè �óíêöèþ u(t), óäîâëåòâîðÿþùóþ äè��åðåíöèàëüíîìóóðàâíåíèþ è íà÷àëüíîìó óñëîâèþ:( u0 = (� + � sin!t)u;u(t0) = u0:Ýòî çàäà÷à Êîøè.



1.1. Çàäà÷à Êîøè



1.1. Çàäà÷à ÊîøèÍàéòè �óíêöèþ u = u(t), òàêóþ, ÷òîu0 = f(t; u); u(t0) = u0;



1.1. Çàäà÷à ÊîøèÍàéòè �óíêöèþ u = u(t), òàêóþ, ÷òîu0 = f(t; u); u(t0) = u0;ãäå f � çàäàííàÿ �óíêöèÿ (îò t è u),t0, u0 � èçâåñòíûå âåëè÷èíû.



1.1. Çàäà÷à ÊîøèÍàéòè �óíêöèþ u = u(t), òàêóþ, ÷òîu0 = f(t; u); u(t0) = u0;ãäå f � çàäàííàÿ �óíêöèÿ (îò t è u),t0, u0 � èçâåñòíûå âåëè÷èíû.u0 = f(t; u) � äè��åðåíöèàëüíîå óðàâíåíèå 1-ãî ïîðÿäêà,



1.1. Çàäà÷à ÊîøèÍàéòè �óíêöèþ u = u(t), òàêóþ, ÷òîu0 = f(t; u); u(t0) = u0;ãäå f � çàäàííàÿ �óíêöèÿ (îò t è u),t0, u0 � èçâåñòíûå âåëè÷èíû.u0 = f(t; u) � äè��åðåíöèàëüíîå óðàâíåíèå 1-ãî ïîðÿäêà,u(t0) = u0 � íà÷àëüíûå óñëîâèÿ.



1.1. Çàäà÷à ÊîøèÍàéòè �óíêöèþ u = u(t), òàêóþ, ÷òîu0 = f(t; u); u(t0) = u0;ãäå f � çàäàííàÿ �óíêöèÿ (îò t è u),t0, u0 � èçâåñòíûå âåëè÷èíû.u0 = f(t; u) � äè��åðåíöèàëüíîå óðàâíåíèå 1-ãî ïîðÿäêà,u(t0) = u0 � íà÷àëüíûå óñëîâèÿ.Íàïðèìåð,



1.1. Çàäà÷à ÊîøèÍàéòè �óíêöèþ u = u(t), òàêóþ, ÷òîu0 = f(t; u); u(t0) = u0;ãäå f � çàäàííàÿ �óíêöèÿ (îò t è u),t0, u0 � èçâåñòíûå âåëè÷èíû.u0 = f(t; u) � äè��åðåíöèàëüíîå óðàâíåíèå 1-ãî ïîðÿäêà,u(t0) = u0 � íà÷àëüíûå óñëîâèÿ.Íàïðèìåð, u0 = u; u(0) = 1 ) u = et



1.1. Çàäà÷à ÊîøèÍàéòè �óíêöèþ u = u(t), òàêóþ, ÷òîu0 = f(t; u); u(t0) = u0;ãäå f � çàäàííàÿ �óíêöèÿ (îò t è u),t0, u0 � èçâåñòíûå âåëè÷èíû.u0 = f(t; u) � äè��åðåíöèàëüíîå óðàâíåíèå 1-ãî ïîðÿäêà,u(t0) = u0 � íà÷àëüíûå óñëîâèÿ.Íàïðèìåð, u0 = u; u(0) = 1 ) u = et

u0 = �10tu; u(0) = 1 ) u = e�5t2



1.1. Çàäà÷à ÊîøèÍàéòè �óíêöèþ u = u(t), òàêóþ, ÷òîu0 = f(t; u); u(t0) = u0;ãäå f � çàäàííàÿ �óíêöèÿ (îò t è u),t0, u0 � èçâåñòíûå âåëè÷èíû.u0 = f(t; u) � äè��åðåíöèàëüíîå óðàâíåíèå 1-ãî ïîðÿäêà,u(t0) = u0 � íà÷àëüíûå óñëîâèÿ.Íàïðèìåð, u0 = u; u(0) = 1 ) u = et

u0 = �10tu; u(0) = 1 ) u = e�5t2Ïîèñê ðåøåíèÿ (àíàëèòè÷åñêîãî èëè ÷èñëåííîãî) íàçûâåòñÿ èíòåãðèðîâàíèåìóðàâíåíèÿ.



Ïîëå íàïðàâëåíèé äëÿ óðàâíåíèÿ u0 = �10tu:[T, U℄ = meshgrid(-1:.125:1);F = -10*T.*U;DT = 1./sqrt(1 + F.^2);DU = F./sqrt(1 + F.^2);quiver(T, U, DT, DU, 'b')axis([-1, 1, -1, 1℄)xlabel('t')ylabel('u')



1.2. Cèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé8>><>>: u01 = f1(t; u1; : : : ; un);. . . . . . . . . . . . . . . . . . . . .u0n = fn(t; u1; : : : ; un) , u0 = f(t; u); ãäå u = 0BB� u1...un
1CCA :



1.2. Cèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé8>><>>: u01 = f1(t; u1; : : : ; un);. . . . . . . . . . . . . . . . . . . . .u0n = fn(t; u1; : : : ; un) , u0 = f(t; u); ãäå u = 0BB� u1...un
1CCA :

Íà÷àëüíûå óñëîâèÿ (äëÿ çàäà÷è Êîøè):8>><>>: u1(t0) = u10;. . . . . . . . . . . .un(t0) = un0 , u(t0) = u0:



1.3. Äè��åðåíöèàëüíûå óðàâíåíèÿ âûñøèõ ïîðÿäêîâ

u(k) = f(u(k�1); : : : ; u0; u; t)



1.3. Äè��åðåíöèàëüíûå óðàâíåíèÿ âûñøèõ ïîðÿäêîâ

u(k) = f(u(k�1); : : : ; u0; u; t)Äè�. óð. âûñøåãî ïîðÿäêà ìîæíî ñâåñòè ê äè�. óð. 1-ãî ïîðÿäêà.



1.3. Äè��åðåíöèàëüíûå óðàâíåíèÿ âûñøèõ ïîðÿäêîâ

u(k) = f(u(k�1); : : : ; u0; u; t)Äè�. óð. âûñøåãî ïîðÿäêà ìîæíî ñâåñòè ê äè�. óð. 1-ãî ïîðÿäêà.Íàïðèìåð, y00 + py0 + qy = f(t)



1.3. Äè��åðåíöèàëüíûå óðàâíåíèÿ âûñøèõ ïîðÿäêîâ

u(k) = f(u(k�1); : : : ; u0; u; t)Äè�. óð. âûñøåãî ïîðÿäêà ìîæíî ñâåñòè ê äè�. óð. 1-ãî ïîðÿäêà.Íàïðèìåð, y00 + py0 + qy = f(t)Ïóñòü u1 = y, u2 = y0,



1.3. Äè��åðåíöèàëüíûå óðàâíåíèÿ âûñøèõ ïîðÿäêîâ

u(k) = f(u(k�1); : : : ; u0; u; t)Äè�. óð. âûñøåãî ïîðÿäêà ìîæíî ñâåñòè ê äè�. óð. 1-ãî ïîðÿäêà.Íàïðèìåð, y00 + py0 + qy = f(t)Ïóñòü u1 = y, u2 = y0,òîãäà ( u01 = u2;u02 = y00 = f(t)� qu1 � pu2



1.3. Äè��åðåíöèàëüíûå óðàâíåíèÿ âûñøèõ ïîðÿäêîâ

u(k) = f(u(k�1); : : : ; u0; u; t)Äè�. óð. âûñøåãî ïîðÿäêà ìîæíî ñâåñòè ê äè�. óð. 1-ãî ïîðÿäêà.Íàïðèìåð, y00 + py0 + qy = f(t)Ïóñòü u1 = y, u2 = y0,òîãäà ( u01 = u2;u02 = y00 = f(t)� qu1 � pu2( u01 = u2;u02 = f(t)� qu1 � pu2



2. MATLAB'îâñêèå ðåøàòåëè äè��åðåíöèàëüíûõóðàâíåíèé//Äàëåêî íå âñå äè�. óðàâíåíèÿ ìîæíî ðåøèòü àíàëèòè÷åñêè.ode45, ode23, ode113, ode15s, ode23s, ode23t, ode23tb[t, U℄ = solver(odefun, tspan, u0)[t, U℄ = solver(odefun, tspan, u0, options)[t, U℄ = solver(odefun, tspan, u0, options, P1, P2, ...)sol = solver(odefun, [t0, T℄, u0, ...)yy = deval(sol, t)



2.1. Ïðèìåðû



2.1. Ïðèìåðû
ode45(�fn, [0, 1℄, 1)



2.1. Ïðèìåðû
ode45(�fn, [0, 1℄, 1)ode45(�(t, u) -10*t*u, [0, 1℄, 1)



2.1. Ïðèìåðû
ode45(�fn, [0, 1℄, 1)ode45(�(t, u) -10*t*u, [0, 1℄, 1)ode45(�(t, u, p) -p*t*u, [0, 1℄, 1, [℄, 10)



2.1. Ïðèìåðû
ode45(�fn, [0, 1℄, 1)ode45(�(t, u) -10*t*u, [0, 1℄, 1)ode45(�(t, u, p) -p*t*u, [0, 1℄, 1, [℄, 10)[t, u℄ = ode45(�(t, u) -10*t*u, [0, 1℄, 1)



2.1. Ïðèìåðû
ode45(�fn, [0, 1℄, 1)ode45(�(t, u) -10*t*u, [0, 1℄, 1)ode45(�(t, u, p) -p*t*u, [0, 1℄, 1, [℄, 10)[t, u℄ = ode45(�(t, u) -10*t*u, [0, 1℄, 1)sol = ode45(�(t, u) -10*t*u, [0, 1℄, 1)deval(sol, .33)



2.1. Ïðèìåðû
ode45(�fn, [0, 1℄, 1)ode45(�(t, u) -10*t*u, [0, 1℄, 1)ode45(�(t, u, p) -p*t*u, [0, 1℄, 1, [℄, 10)[t, u℄ = ode45(�(t, u) -10*t*u, [0, 1℄, 1)sol = ode45(�(t, u) -10*t*u, [0, 1℄, 1)deval(sol, .33)tt = linspa
e(0, 1);uu = deval(sol, tt);plot(tt, uu)



2.2. Ïðèìåð. Îñöèëëÿòîð
y00 + py0 + qy = sin(!t)Ïîëîæèì u1 = y; u2 = y0:Ïîëó÷èì ñèñòåìó ( u01 = u2;u02 = �qu1 � pu2 + sin(!t)Ñì. os
.m



2.3. ÑîáûòèÿÑîáûòèÿ ñâÿçûâàþòñÿ ñ îáðàùåíèåì â íóëü íåêîòîðûõ èíäèêàòîðíûõ âûðàæåíèé,íàïðèìåð, îäíîé èç ïåðåìåííûõ. Òàêæå ìîæíî óêàçàòü MATLAB'ó, ÷òî íàñ èíòåðåñóåòíåêîòîðîå ñîáûòèå, òîëüêî åñëè çíà÷åíèå ýòîãî âûðàæåíèÿ óáûâàåò èëè, íàîáîðîò,âîçðàñòàåò.



2.3. ÑîáûòèÿÑîáûòèÿ ñâÿçûâàþòñÿ ñ îáðàùåíèåì â íóëü íåêîòîðûõ èíäèêàòîðíûõ âûðàæåíèé,íàïðèìåð, îäíîé èç ïåðåìåííûõ. Òàêæå ìîæíî óêàçàòü MATLAB'ó, ÷òî íàñ èíòåðåñóåòíåêîòîðîå ñîáûòèå, òîëüêî åñëè çíà÷åíèå ýòîãî âûðàæåíèÿ óáûâàåò èëè, íàîáîðîò,âîçðàñòàåò.options = odeset('Events', eventsfun
tion);[t, U, TE, UE, IE℄ = solver(odefun, tspan, u0, options);



2.3. ÑîáûòèÿÑîáûòèÿ ñâÿçûâàþòñÿ ñ îáðàùåíèåì â íóëü íåêîòîðûõ èíäèêàòîðíûõ âûðàæåíèé,íàïðèìåð, îäíîé èç ïåðåìåííûõ. Òàêæå ìîæíî óêàçàòü MATLAB'ó, ÷òî íàñ èíòåðåñóåòíåêîòîðîå ñîáûòèå, òîëüêî åñëè çíà÷åíèå ýòîãî âûðàæåíèÿ óáûâàåò èëè, íàîáîðîò,âîçðàñòàåò.options = odeset('Events', eventsfun
tion);[t, U, TE, UE, IE℄ = solver(odefun, tspan, u0, options);ãäå TE, UE, IE � âðåìÿ, çíà÷åíèÿ ïåðåìåííûõ è íîìåðà íàñòóïèâøèõ ñîáûòèé



2.3. ÑîáûòèÿÑîáûòèÿ ñâÿçûâàþòñÿ ñ îáðàùåíèåì â íóëü íåêîòîðûõ èíäèêàòîðíûõ âûðàæåíèé,íàïðèìåð, îäíîé èç ïåðåìåííûõ. Òàêæå ìîæíî óêàçàòü MATLAB'ó, ÷òî íàñ èíòåðåñóåòíåêîòîðîå ñîáûòèå, òîëüêî åñëè çíà÷åíèå ýòîãî âûðàæåíèÿ óáûâàåò èëè, íàîáîðîò,âîçðàñòàåò.options = odeset('Events', eventsfun
tion);[t, U, TE, UE, IE℄ = solver(odefun, tspan, u0, options);ãäå TE, UE, IE � âðåìÿ, çíà÷åíèÿ ïåðåìåííûõ è íîìåðà íàñòóïèâøèõ ñîáûòèéeventsfun
tion � ýòî �óíêöèÿ âèäà



2.3. ÑîáûòèÿÑîáûòèÿ ñâÿçûâàþòñÿ ñ îáðàùåíèåì â íóëü íåêîòîðûõ èíäèêàòîðíûõ âûðàæåíèé,íàïðèìåð, îäíîé èç ïåðåìåííûõ. Òàêæå ìîæíî óêàçàòü MATLAB'ó, ÷òî íàñ èíòåðåñóåòíåêîòîðîå ñîáûòèå, òîëüêî åñëè çíà÷åíèå ýòîãî âûðàæåíèÿ óáûâàåò èëè, íàîáîðîò,âîçðàñòàåò.options = odeset('Events', eventsfun
tion);[t, U, TE, UE, IE℄ = solver(odefun, tspan, u0, options);ãäå TE, UE, IE � âðåìÿ, çíà÷åíèÿ ïåðåìåííûõ è íîìåðà íàñòóïèâøèõ ñîáûòèéeventsfun
tion � ýòî �óíêöèÿ âèäàfun
tion [value, isterminal, dire
tion℄ = eventsfun
tion(t, u)



2.3. ÑîáûòèÿÑîáûòèÿ ñâÿçûâàþòñÿ ñ îáðàùåíèåì â íóëü íåêîòîðûõ èíäèêàòîðíûõ âûðàæåíèé,íàïðèìåð, îäíîé èç ïåðåìåííûõ. Òàêæå ìîæíî óêàçàòü MATLAB'ó, ÷òî íàñ èíòåðåñóåòíåêîòîðîå ñîáûòèå, òîëüêî åñëè çíà÷åíèå ýòîãî âûðàæåíèÿ óáûâàåò èëè, íàîáîðîò,âîçðàñòàåò.options = odeset('Events', eventsfun
tion);[t, U, TE, UE, IE℄ = solver(odefun, tspan, u0, options);ãäå TE, UE, IE � âðåìÿ, çíà÷åíèÿ ïåðåìåííûõ è íîìåðà íàñòóïèâøèõ ñîáûòèéeventsfun
tion � ýòî �óíêöèÿ âèäàfun
tion [value, isterminal, dire
tion℄ = eventsfun
tion(t, u)value, isterminal, dire
tion � âåêòîðû äëèíû m, ãäå m � ÷èñëî ñîáûòèé.



2.3. ÑîáûòèÿÑîáûòèÿ ñâÿçûâàþòñÿ ñ îáðàùåíèåì â íóëü íåêîòîðûõ èíäèêàòîðíûõ âûðàæåíèé,íàïðèìåð, îäíîé èç ïåðåìåííûõ. Òàêæå ìîæíî óêàçàòü MATLAB'ó, ÷òî íàñ èíòåðåñóåòíåêîòîðîå ñîáûòèå, òîëüêî åñëè çíà÷åíèå ýòîãî âûðàæåíèÿ óáûâàåò èëè, íàîáîðîò,âîçðàñòàåò.options = odeset('Events', eventsfun
tion);[t, U, TE, UE, IE℄ = solver(odefun, tspan, u0, options);ãäå TE, UE, IE � âðåìÿ, çíà÷åíèÿ ïåðåìåííûõ è íîìåðà íàñòóïèâøèõ ñîáûòèéeventsfun
tion � ýòî �óíêöèÿ âèäàfun
tion [value, isterminal, dire
tion℄ = eventsfun
tion(t, u)value, isterminal, dire
tion � âåêòîðû äëèíû m, ãäå m � ÷èñëî ñîáûòèé.â value(j) äîëæíî âîçâðàùàòüñÿ çíà÷åíèå j-ãî èíäèêàòîðíîãî âûðàæåíèÿ



2.3. ÑîáûòèÿÑîáûòèÿ ñâÿçûâàþòñÿ ñ îáðàùåíèåì â íóëü íåêîòîðûõ èíäèêàòîðíûõ âûðàæåíèé,íàïðèìåð, îäíîé èç ïåðåìåííûõ. Òàêæå ìîæíî óêàçàòü MATLAB'ó, ÷òî íàñ èíòåðåñóåòíåêîòîðîå ñîáûòèå, òîëüêî åñëè çíà÷åíèå ýòîãî âûðàæåíèÿ óáûâàåò èëè, íàîáîðîò,âîçðàñòàåò.options = odeset('Events', eventsfun
tion);[t, U, TE, UE, IE℄ = solver(odefun, tspan, u0, options);ãäå TE, UE, IE � âðåìÿ, çíà÷åíèÿ ïåðåìåííûõ è íîìåðà íàñòóïèâøèõ ñîáûòèéeventsfun
tion � ýòî �óíêöèÿ âèäàfun
tion [value, isterminal, dire
tion℄ = eventsfun
tion(t, u)value, isterminal, dire
tion � âåêòîðû äëèíû m, ãäå m � ÷èñëî ñîáûòèé.â value(j) äîëæíî âîçâðàùàòüñÿ çíà÷åíèå j-ãî èíäèêàòîðíîãî âûðàæåíèÿâ isterminal(j) äîëæíà âîçâðàùàòüñÿ 1, åñëè ïðè íàñòóïëåíèè j-ãî ñîáûòèÿ ïðîöåññíàõîæäåíèÿ ðåøåíèÿ íóæíî ïðåêðàòèòü, è 0 â ïðîòèâíîì ñëó÷àå



2.3. ÑîáûòèÿÑîáûòèÿ ñâÿçûâàþòñÿ ñ îáðàùåíèåì â íóëü íåêîòîðûõ èíäèêàòîðíûõ âûðàæåíèé,íàïðèìåð, îäíîé èç ïåðåìåííûõ. Òàêæå ìîæíî óêàçàòü MATLAB'ó, ÷òî íàñ èíòåðåñóåòíåêîòîðîå ñîáûòèå, òîëüêî åñëè çíà÷åíèå ýòîãî âûðàæåíèÿ óáûâàåò èëè, íàîáîðîò,âîçðàñòàåò.options = odeset('Events', eventsfun
tion);[t, U, TE, UE, IE℄ = solver(odefun, tspan, u0, options);ãäå TE, UE, IE � âðåìÿ, çíà÷åíèÿ ïåðåìåííûõ è íîìåðà íàñòóïèâøèõ ñîáûòèéeventsfun
tion � ýòî �óíêöèÿ âèäàfun
tion [value, isterminal, dire
tion℄ = eventsfun
tion(t, u)value, isterminal, dire
tion � âåêòîðû äëèíû m, ãäå m � ÷èñëî ñîáûòèé.â value(j) äîëæíî âîçâðàùàòüñÿ çíà÷åíèå j-ãî èíäèêàòîðíîãî âûðàæåíèÿâ isterminal(j) äîëæíà âîçâðàùàòüñÿ 1, åñëè ïðè íàñòóïëåíèè j-ãî ñîáûòèÿ ïðîöåññíàõîæäåíèÿ ðåøåíèÿ íóæíî ïðåêðàòèòü, è 0 â ïðîòèâíîì ñëó÷àåâ dire
tion(j) äîëæíà âîçâðàùàòüñÿ 1, �1 è 0, åñëè ñîáûòèå íàñòóïàåòñîîòâåòñòâåííî òîëüêî ïðè âîçðàñòàíèè çíà÷åíèÿ èíäèêàòîðíîãî âûðàæåíèÿ, åãîóáûâàíèè èëè â ëþáîì ñëó÷àå



2.3.1. Ïðèìåð. Ïðûæîê ñ ïàðàøþòîì



2.3.1. Ïðèìåð. Ïðûæîê ñ ïàðàøþòîì8>><>>:my00 + kyjyj +mg = 0;y(0) = y0;y0(0) = v0:



2.3.1. Ïðèìåð. Ïðûæîê ñ ïàðàøþòîì8>><>>:my00 + kyjyj +mg = 0;y(0) = y0;y0(0) = v0:�äå k � êîý��èöèåíò ñîïðîòèâëåíèÿ âîçäóõà.



2.3.1. Ïðèìåð. Ïðûæîê ñ ïàðàøþòîì8>><>>:my00 + kyjyj +mg = 0;y(0) = y0;y0(0) = v0:�äå k � êîý��èöèåíò ñîïðîòèâëåíèÿ âîçäóõà.Ñ çàêðûòûì ïàðàøþòîì: k = 0:24. Ñ îòêðûòûì ïàðàøþòîì: k = 45



2.3.1. Ïðèìåð. Ïðûæîê ñ ïàðàøþòîì8>><>>:my00 + kyjyj +mg = 0;y(0) = y0;y0(0) = v0:�äå k � êîý��èöèåíò ñîïðîòèâëåíèÿ âîçäóõà.Ñ çàêðûòûì ïàðàøþòîì: k = 0:24. Ñ îòêðûòûì ïàðàøþòîì: k = 45Ïîëîæèì: u1 = y;u2 = y0:Òîãäà 8>>>>><>>>>>:
u01 = u2;u02 = �ku1ju1j=m� g;u1(0) = y0;u2(0) = v0:



2.3.1. Ïðèìåð. Ïðûæîê ñ ïàðàøþòîì8>><>>:my00 + kyjyj +mg = 0;y(0) = y0;y0(0) = v0:�äå k � êîý��èöèåíò ñîïðîòèâëåíèÿ âîçäóõà.Ñ çàêðûòûì ïàðàøþòîì: k = 0:24. Ñ îòêðûòûì ïàðàøþòîì: k = 45Ïîëîæèì: u1 = y;u2 = y0:Òîãäà 8>>>>><>>>>>:
u01 = u2;u02 = �ku1ju1j=m� g;u1(0) = y0;u2(0) = v0:Ñì. para
hute.m



2.3.2. Ïðèìåð. Ïîëåò òåëà, áðîøåííîãî ïîä óãëîì ê ãîðèçîíòó



2.3.2. Ïðèìåð. Ïîëåò òåëà, áðîøåííîãî ïîä óãëîì ê ãîðèçîíòó

x00 = �kx0p(x0)2 + (y0)2;y00 = �ky0p(x0)2 + (y0)2 � g;x(0) = 0; y(0) = h; x0(0) = v 
os�; y0(0) = v sin�:



2.3.2. Ïðèìåð. Ïîëåò òåëà, áðîøåííîãî ïîä óãëîì ê ãîðèçîíòó

x00 = �kx0p(x0)2 + (y0)2;y00 = �ky0p(x0)2 + (y0)2 � g;x(0) = 0; y(0) = h; x0(0) = v 
os�; y0(0) = v sin�:Ïîëîæèì u1 = x; u2 = x0; u3 = y; u4 = y0



2.3.2. Ïðèìåð. Ïîëåò òåëà, áðîøåííîãî ïîä óãëîì ê ãîðèçîíòó

x00 = �kx0p(x0)2 + (y0)2;y00 = �ky0p(x0)2 + (y0)2 � g;x(0) = 0; y(0) = h; x0(0) = v 
os�; y0(0) = v sin�:Ïîëîæèì u1 = x; u2 = x0; u3 = y; u4 = y0Òîãäà u01 = u2;u02 = �ku2pu22 + u24;u03 = u4;u04 = �ku4pu22 + u24 � g;u1(0) = 0; u3(0) = h;u2(0) = v 
os�; u4(0) = v sin�:



2.3.2. Ïðèìåð. Ïîëåò òåëà, áðîøåííîãî ïîä óãëîì ê ãîðèçîíòó

x00 = �kx0p(x0)2 + (y0)2;y00 = �ky0p(x0)2 + (y0)2 � g;x(0) = 0; y(0) = h; x0(0) = v 
os�; y0(0) = v sin�:Ïîëîæèì u1 = x; u2 = x0; u3 = y; u4 = y0Òîãäà u01 = u2;u02 = �ku2pu22 + u24;u03 = u4;u04 = �ku4pu22 + u24 � g;u1(0) = 0; u3(0) = h;u2(0) = v 
os�; u4(0) = v sin�:Ñì. air.m



3. Extra slides



4. Óñòîé÷èâîñòü óðàâíåíèÿ

�f�u
8>><>>: < 0 óðàâíåíèå óñòîé÷èâî= 0 óðàâíåíèå íåéòðàëüíî óñòîé÷èâî> 0 óðàâíåíèå íå óñòîé÷èâîÓðàâíåíèå u0 = �10tu îáëàäàåò ñåìåéñòâîì ðåøåíèé u = 
e�5t2t = linspa
e(-1, 1)';u = exp(-5*t.^2);
 = (0.04:0.01:0.1)*exp(5);plot(t, u*
)�f=�u = �10tÄëÿ âñåõ t < 0 çàäà÷à íå óñòîé÷èâà.Äëÿ âñåõ t > 0 çàäà÷à óñòîé÷èâà.



4.1. Óñòîé÷èâîñòü ñèñòåìûßêîáèàí

J(t; f1; : : : ; fn) = ��������
�f1�u1 : : : �f1�un. . . . . . . . . . .�fn�u1 : : : �fn�un
��������Åñëè âåùåñòâåííûå ÷àñòè âñåõ ñîáñòâåííûõ ÷èñåë ÿêîáèàíà ìåíüøå íóëÿ, òî ñèñòåìàóñòîé÷èâà.Åñëè âåùåñòâåííàÿ ÷àñòü õîòÿ áû îäíîãî ñîáñòâåííîãî ÷èñëà áîëüøå íóëÿ, òî ñèñòåìàíå óñòîé÷èâà.Åñëè âåùåñòâåííûå ÷àñòè âñåõ ñîáñòâåííûõ ÷èñåë ÿêîáèàíà íå áîëüøå íóëÿ èâåùåñòâåííàÿ ÷àñòü ïî êðàéíåé ìåðå îäíîãî ñîáñòâåííîãî ÷èñëà ðàâíà íóëþ, òîñèñòåìà íåéòðàëüíî óñòîé÷èâà.



5. Ìåòîä Ýéëåðà
t0 < t1 < : : : < tn = T; uj � u(tj)Íàïðèìåð, ðàâíîìåðíàÿ ñåòêà: h = (T � t0)=n, tj = t0 + j � h

u(t + h) = u(t) + h u0(t)|{z}=f(t;u)+h2u(� )2! (?)

uj+1 = uj + (tj+1 � tj)f(tj; uj) uj+1 = uj + h � f(tj; uj)odeeuler.m



5.1. Îøèáêà è ïîðÿäîê ìàòîäàÏóñòü uj(t) � òî÷íîå ðåøåíèå çàäà÷è Êîøè ñ íà÷àëüíûìè óñëîâèÿìè u(xj) = uj. Â÷àñòíîñòè, u(t) = u0(t). ÒîãäàLj = juj � uj�1(tj)j (j = 1; 2; : : : ; n)íàçûâàåòñÿ ëîêàëüíîé îøèáêîé íà j-ì øàãå, àG = maxj juj � u(tj)j� ãëîáàëüíîé îøèáêîé. Åñëè óðàâíåíèå óñòîé÷èâî, òî ãëîáàëüíàÿ îøèáêà ìåíüøåñóììû ëîêàëüíûõ. Åñëè óðàâíåíèå íå óñòîé÷èâî, òî ãëîáàëüíàÿ îøèáêà ìîæåò áûòüáîëüøå ñóììû ëîêàëüíûõ îøèáîê.Åñëè Lj = O(hp+1), òî äëÿ óñòîé÷èâîãî óðàâíåíèÿG < L1 + L2 + : : : + Ln = T � t0h O(hp+1) = O(hp):è p íàçûâàåòñÿ ïîðÿäêîì ìåòîäà.Èç �îðìóëû (?) ñëåäóåò, ÷òî ìåòîä Ýéëåðà èìååò 1-é ïîðÿäîê.



6. Óñòîé÷èâîñòü ìåòîäàÄëÿ ìåòîäà Ýéëåðà ����1 + h � �f�u���� < 1:Ïîýòîìó åñëè óðàâíåíèå íå óñòîé÷èâî (�f=�u > 0), òî è ìåòîä Ýéëåðà íå óñòîé÷èâ.Èëè, íàîáîðîò, óðàâíåíèå æåñòêîå, ò. å. ñèëüíî óñòîé÷èâîå (�f=�u� 0), òî ìåòîäÝéëåðà íå óñòîé÷èâ.Óñòîé÷èâîñòü ìåòîäà Ýéëåðà äëÿ ñèñòåì äè��åðåíöèàëüíûõ óðàâíåíèé:k1 + h � Jk < 1:



7. Æåñòêèå ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèéÅñëè �f�u � 0;òî óðàâíåíèå íàçûâàåòñÿ æåñòêèì.Åñëè âåùåñòâåííûå ÷àñòè íåêîòîðûõ ñîáñòâåííûõ ÷èñåë ÿêîáèàíà J ìíîãî ìåíüøåíóëÿ, òî ñèñòåìà íàçûâàåòñÿ æåñòêîé.odeeulerdraw.m



8. Íåÿâíûé ìåòîä Ýéëåðà
u(t + h) = u(t) + h u0(t + h)| {z }=f(t+h;u(t+h))+h2u(� )2! (??)

uj+1 = uj + (tj+1 � tj)f(tj+1; uj+1) uj+1 = uj + h � f(tj; uj+1)uj+1 ìîæåò íå âûðàæàòü ÿâíî, òîãäà íà êàæäîì øàãå íåîáõîäèìî ðåøàòü óðàâíåíèå.odeeulerimpli
it.modeeulerimpli
itdraw.m



9. Ñèñòåìû ëèíåéíûõ îäíîðîäíûõäè��åðåíöèàëüíûõ óðàâíåíèé

u0 = Au; u(t0) = u0�åøåíèå: u = eA(t�t0) � u0 = (eA)t�t0 � u0u = expm(A*(t-t0)) * u0èëèEA = expm(A);u = EA^(t-t0) * u0� äëÿ êàæäîãî t êàæäûì èç ýòèõ ñïîñîáîâ âû÷èñëÿòü äîðîãî.



Åñëè D = Q�1AQ, òî(t� t0)A = Q((t� t0)D)Q�1 è e(t�t0)A = Qe(t�t0)DQ�1:Åñëè D � äèàãîíàëüíàÿ, òî expm(D) = exp(D).[Q, D℄ = eig(A);Q * exp((t - t0) * D) / Q



10. Êðàåâàÿ çàäà÷à
u0 = f(t; u); u(a) = ua; u(b) = ubsol_init = bvpinit(t_init, u_init);sol = bvp4
(�lhs, �border, sol_init);uu = deval(sol, tt)sol.x, sol.y � ñåòî÷íàÿ �óíêöèÿÏðèìåð: bvp.m


