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Â äàííîì ñáîðíèêå ïðåäëàãàþòñÿ êîíòðîëüíûå ðàáîòû, ñîäåðæà-
ùèå òèïîâûå çàäà÷è ïî òåìàì ¾Ëèíåéíûå ïðîñòðàíñòâà¿, ¾Ñèñòåìû
ëèíåéíûõ óðàâíåíèé¿, ¾Îïðåäåëèòåëè¿. Ïðèâîäèìûå çàäà÷è íàïðàâ-
ëåíû íà óñâîåíèå îñíîâíûõ ïîíÿòèé èç ýòèõ òåì, òàêèõ êàê ëèíåéíàÿ
çàâèñèìîñòü è íåçàâèñèìîñòü ñèñòåìû âåêòîðîâ, áàçà è ðàíã ñèñòå-
ìû âåêòîðîâ, ëèíåéíàÿ îáîëî÷êà ñèñòåìû, áàçèñ è ðàçìåðíîñòü ïðî-
ñòðàíñòâà, ïîäïðîñòðàíñòâî, êîîðäèíàòû âåêòîðà â áàçèñå, ìàòðèöà
ïåðåõîäà îò îäíîãî áàçèñà ê äðóãîìó, ñóììà è ïåðåñå÷åíèå ïîäïðî-
ñòðàíñòâ; ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé îäíîðîäíîé ñèñòåìû
ëèíåéíûõ óðàâíåíèé, îáùåå ðåøåíèå ñèñòåìû ëèíåéíûõ óðàâíåíèé;
îïðåäåëèòåëü ìàòðèöû.

1 Êîíòðîëüíàÿ ðàáîòà 1

Ïóñòü A = {a1, . . . , ak}� ñèñòåìà âåêòîðîâ àðèôìåòè÷åñêîãî ïðî-
ñòðàíñòâà R4.

a) Íàéòè ðàíã è êàêóþ-íèáóäü áàçó ñèñòåìû A.
b) Âåêòîðû, íå âõîäÿùèå â áàçó, âûðàçèòü ÷åðåç âåêòîðû áàçû.

1. a1 = (2, 1, 1, 1)
>
, a2 = (1, 1, 3,−2)> , a3 = (0,−1,−5, 3)> ,

a4 = (3, 1,−1, 0)>

2. a1 = (5, 1,−1, 2)> , a2 = (4,−1,−1, 6)> , a3 = (−3, 3, 1,−10)> ,
a4 = (6, 3,−1,−2)>

3. a1 = (0, 4, 7, 2)
>
, a2 = (−2, 4, 3,−1)> , a3 = (4,−4, 1, 4)> ,

a4 = (2, 4, 11, 5)
>

4. a1 = (4, 1, 2, 5)
>
, a2 = (5,−2, 5, 7)> , a3 = (−6, 5,−8,−9)> ,

a4 = (3, 4,−1, 3)>

5. a1 = (5,−1, 1, 3)> , a2 = (2, 4,−1, 6)> , a3 = (1,−9, 3,−9)> ,
a4 = (8,−6, 3, 0)>

6. a1 = (5, 7, 3, 6)
>
, a2 = (2,−2, 0, 1)> , a3 = (3, 9, 3, 5)

>
,

a4 = (7, 5, 3, 7)
>

7. a1 = (4, 1, 2, 4)
>
, a2 = (−2, 2, 3,−1)> , a3 = (6,−1,−1, 5)> ,

a4 = (2, 3, 5, 3)
>

8. a1 = (3,−2, 2, 7)> , a2 = (−2, 0, 2, 3)> , a3 = (5,−2, 0, 4)> ,
a4 = (1,−2, 4, 10)>
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9. a1 = (1, 3, 6, 3)
>
, a2 = (2,−1, 7,−2)> , a3 = (−1, 4,−1, 5)> ,

a4 = (3, 2, 13, 1)
>

10. a1 = (6, 5, 2,−1)> , a2 = (4,−2, 1, 6)> , a3 = (2, 7, 1,−7)> ,
a4 = (10, 3, 3, 5)

>

11. a1 = (−1, 2, 1, 4)> , a2 = (2, 4, 4, 0)
>
, a3 = (2,−2,−1, 3)> ,

a4 = (−1, 8, 6, 1)>

12. a1 = (2, 6, 1, 3)
>
, a2 = (7, 6, 3, 2)

>
, a3 = (2,−1, 5, 2)> ,

a4 = (7, 13,−1, 3)>

13. a1 = (−2, 1, 7, 3)> , a2 = (2, 6, 3, 6)
>
, a3 = (1, 5,−2, 7)> ,

a4 = (−1, 2, 12, 2)>

14. a1 = (5,−2, 0,−2)> , a2 = (1, 3, 6, 0)
>
, a3 = (6, 7,−1, 7)> ,

a4 = (0,−6, 7,−9)>

15. a1 = (6, 5, 4,−2)> , a2 = (−2, 1,−2, 0)> , a3 = (1, 7,−2, 3)> ,
a4 = (3,−1, 4,−5)>

16. a1 = (2, 3, 1, 1)
>
, a2 = (5,−2, 0, 4)> , a3 = (3,−1, 5, 7)> ,

a4 = (−4, 9,−3,−9)>

17. a1 = (5, 0,−2, 1)> , a2 = (4, 2,−2, 2)> , a3 = (6, 0, 6, 7)
>
,

a4 = (0,−2,−8,−7)>

18. a1 = (5,−1, 5, 2)> , a2 = (−1, 4, 1, 4)> , a3 = (6, 4, 2,−1)> ,
a4 = (5,−10, 7, 1)>

19. a1 = (1, 3, 4, 5)
>
, a2 = (6, 4, 4, 3)

>
, a3 = (2, 4, 3, 4)

>
,

a4 = (−6,−2, 1, 3)>

20. a1 = (5, 3, 2,−1)> , a2 = (6, 4, 3, 0)
>
, a3 = (7, 5,−1,−1)> ,

a4 = (−3,−3, 2,−1)>

21. a1 = (0, 5, 7, 7)
>
, a2 = (2,−1,−2, 6)> , a3 = (3, 7, 5, 7)

>
,

a4 = (1, 13, 14, 8)
>
, a5 = (−5, 4, 11, 1)>

22. a1 = (4, 1, 5, 4)
>
, a2 = (4, 2, 2, 1)

>
, a3 = (1, 5, 5, 3)

>
,

a4 = (1, 4, 8, 6)
>
, a5 = (3,−5, 3, 4)>

23. a1 = (2, 1, 1, 4)
>
, a2 = (2, 1, 5, 5)

>
, a3 = (1, 4, 2, 1)

>
,

a4 = (1, 4,−2, 0)> , a5 = (1,−3,−5, 2)>
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24. a1 = (2, 2, 3, 1)
>
, a2 = (2, 5, 1, 5)

>
, a3 = (1, 2, 1, 5)

>
,

a4 = (1,−1, 3, 1)> , a5 = (1,−3, 4,−8)>

25. a1 = (1, 5, 2, 2)
>
, a2 = (2, 3, 2, 4)

>
, a3 = (4, 1, 1, 1)

>
,

a4 = (3, 3, 1,−1)> , a5 = (−4, 6, 1,−1)>

26. a1 = (2, 1, 5, 5)
>
, a2 = (2, 3, 1, 4)

>
, a3 = (1, 5, 4, 5)

>
,

a4 = (1, 0,−7,−2)> , a5 = (1, 3, 8, 6)
>

27. a1 = (4, 5, 4, 3)
>
, a2 = (4, 2, 5, 1)

>
, a3 = (2, 1, 1, 3)

>
,

a4 = (2,−2, 5,−4)> , a5 = (2, 4, 0, 5)
>

28. a1 = (3, 3, 1, 1)
>
, a2 = (5, 4, 1, 2)

>
, a3 = (5, 4, 3, 2)

>
,

a4 = (2, 1,−2, 1)> , a5 = (3, 3, 3, 1)
>

29. a1 = (3, 3, 5, 4)
>
, a2 = (1, 5, 4, 1)

>
, a3 = (3, 5, 3, 1)

>
,

a4 = (−4, 2, 0,−3)> , a5 = (5, 3, 4, 4)
>

30. a1 = (3, 4, 3, 1)
>
, a2 = (3, 2, 3, 5)

>
, a3 = (2, 1, 2, 2)

>
,

a4 = (1,−1, 1, 7)> , a5 = (2, 3, 2,−2)>

2 Êîíòðîëüíàÿ ðàáîòà 2

Ïóñòü A = {a1, a2, a3} � ëèíåéíî íåçàâèñèìàÿ ñèñòåìà âåêòîðîâ
â íåêîòîðîì ëèíåéíîì ïðîñòðàíñòâå V.
Äëÿ çàäàííîé ñèñòåìû B = {b1, b2, b3, b4, b5} :
a) Âûÿñíèòü, ÿâëÿåòñÿ ëè ñèñòåìà B ëèíåéíî çàâèñèìîé.
b) Íàéòè ðàíã è âñå áàçû ñèñòåìû B. Äëÿ îäíîé èç áàç âûðàçèòü
âåêòîðû, íå âõîäÿùèå â áàçó, ÷åðåç âåêòîðû áàçû.
c) Âûÿñíèòü, ÿâëÿþòñÿ ëè ñèñòåìû A è B ýêâèâàëåíòíûìè.
d) Íàéòè ðàçìåðíîñòü è áàçèñ W = L(B), ãäå L(B) � ëèíåéíàÿ îáî-
ëî÷êà, íàòÿíóòàÿ íà ñèñòåìó B.

1. b1 = 5a1 + 4a2 + 3a3, b2 = 6a1 + 3a2 + 4a3, b3 = 4a1 + 5a2 + 2a3,
b4 = 9a1 + 9a2 + 5a3, b5 = 3a1 + 6a2 + a3

2. b1 = 3a1 + 4a2 + 5a3, b2 = 4a1 + 5a2 + 6a3, b3 = 2a1 + 3a2 + 4a3,
b4 = 5a1 + 7a2 + 9a3, b5 = a1 + 2a2 + 3a3

3. b1 = 3a1 + 3a2 + 4a3, b2 = a1 + 6a2 + 5a3, b3 = 5a1 + 3a3,
b4 = 8a1 + 3a2 + 7a3, b5 = 7a1 − 3a2 + 2a3
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4. b1 = 3a1 + 3a2 + a3, b2 = 5a1 + 4a2 + 6a3, b3 = a1 + 2a2 − 4a3,
b4 = 4a1 + 5a2 − 3a3, b5 = −a1 + a2 − 9a3

5. b1 = a1 + 3a2 + 5a3, b2 = 5a1 + 5a2 + 6a3, b3 = −3a1 + a2 + 4a3,
b4 = −2a1 + 4a2 + 9a3, b5 = −7a1 − a2 + 3a3

6. b1 = −a1 + a2 + 2a3, b2 = 2a1 − a2 − a3, b3 = −4a1 + 3a2 + 5a3,
b4 = −5a1 + 4a2 + 7a3, b5 = −7a1 + 5a2 + 8a3

7. b1 = 3a1 − a2 − a3, b2 = 4a1 + 4a2 + a3, b3 = 2a1 − 6a2 − 3a3,
b4 = 5a1 − 7a2 − 4a3, b5 = a1 − 11a2 − 5a3

8. b1 = 4a1 + 5a2 − 3a3, b2 = 2a1 + 3a2 − 2a3, b3 = 6a1 + 7a2 − 4a3,
b4 = 10a1 + 12a2 − 7a3, b5 = 8a1 + 9a2 − 5a3

9. b1 = 4a1 + a2 + 2a3, b2 = −3a1 + 3a2 − a3, b3 = 11a1 − a2 + 5a3,
b4 = 15a1 + 7a3, b5 = 18a1 − 3a2 + 8a3

10. b1 = 5a1 + 4a2 + 3a3, b2 = 6a1 + 5a2 + 4a3, b3 = 4a1 + 3a2 + 2a3,
b4 = 9a1 + 7a2 + 5a3, b5 = 3a1 + 2a2 + a3

11. b1 = 5a1 + 3a2 + 5a3, b2 = 3a1 + 2a2 + 7a3, b3 = 7a1 + 4a2 + 3a3,
b4 = 12a1 + 7a2 + 8a3, b5 = 9a1 + 5a2 + a3

12. b1 = 3a1 + 4a2 + 4a3, b2 = 4a1 + 7a2 + 5a3, b3 = 2a1 + a2 + 3a3,
b4 = 5a1 + 5a2 + 7a3, b5 = a1 − 2a2 + 2a3

13. b1 = 4a1 + 7a2 + 7a3, b2 = 5a1 + 4a2 + 6a3, b3 = 3a1 + 10a2 + 8a3,
b4 = 7a1 + 17a2 + 15a3, b5 = 2a1 + 13a2 + 9a3

14. b1 = 2a1 + 3a2 + 4a3, b2 = 5a1 + 7a2 + 3a3, b3 = −a1 − a2 + 5a3,
b4 = a1 + 2a2 + 9a3, b5 = −4a1 − 5a2 + 6a3

15. b1 = 3a1 + 4a2 + 2a3, b2 = 5a1 + 7a2 + 7a3, b3 = a1 + a2 − 3a3,
b4 = 4a1 + 5a2 − a3, b5 = −a1 − 2a2 − 8a3

16. b1 = −a1 − 5a2 − 3a3, b2 = 6a1 − a2, b3 = −5a1 − 6a2 − 4a3,
b4 = 2a1 − 2a2 − a3, b5 = −12a2 − 7a3

17. b1 = −3a1 + 2a3, b2 = 6a1 − a2, b3 = −5a1 + a2 − a3,
b4 = 4a1 − 3a3, b5 = −2a1 + a3

18. b1 = −a1 − 2a3, b2 = 2a1 + 5a2 + 5a3, b3 = 6a2 + a3,
b4 = 3a1 + 11a2 + 8a3, b5 = a1 + 11a2 + 4a3

19. b1 = −5a1−2a2+3a3, b2 = −2a1+3a2−2a3, b3 = −6a1−4a2+5a3,
b4 = −3a1 + a2, b5 = −13a1 − 3a2 + 6a3

20. b1 = −2a1+3a2+2a3, b2 = −3a1−a2+5a3, b3 = −3a1+2a2+4a3,
b4 = −4a1 − 2a2 + 7a3, b5 = −8a1 − 4a2 + 11a3
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21. b1 = 3a1 + 4a3, b2 = 6a1 − 2a2 + a3, b3 = 4a1 − 3a2 − 5a3,
b4 = 7a1 − 5a2 − 8a3, b5 = 13a1 − 5a2

22. b1 = 3a1 + 3a2 − a3, b2 = −6a1 + 2a2 + a3, b3 = −5a1 + a3,
b4 = −14a1 − a2 + 3a3, b5 = −8a1 + 5a2 + a3

23. b1 = a1 − 3a2 − 5a3, b2 = 3a2 + 5a3, b3 = −6a1 + 2a2 + 3a3,
b4 = −7a1 + 8a2 + 13a3, b5 = −5a1 + 2a2 + 3a3

24. b1 = 5a2 − 3a3, b2 = −a1 + 6a2 − 2a3, b3 = −4a1 + 6a2 + 3a3,
b4 = −5a1 + 7a2 + 4a3, b5 = −5a1 + 17a2 − 2a3

25. b1 = −6a1 +3a2 +4a3, b2 = −a1 +6a2− 2a3, b3 = 2a1− 5a2− 3a3,
b4 = 7a1 − 14a2 − 9a3, b5 = −5a1 − 8a2 − a3

26. b1 = 6a1 − a2 + 3a3, b2 = a1 + 2a3, b3 = −2a1 + a2 + 6a3,
b4 = −7a1 + 2a2 + 5a3, b5 = 5a1 + 11a3

27. b1 = 5a2 − 2a3, b2 = a1 + a2 + 2a3, b3 = 3a1 + 5a2 + 5a3,
b4 = 4a1 + a2 + 9a3, b5 = 4a1 + 11a2 + 5a3

28. b1 = 4a1 − 2a2 + 3a3, b2 = a2 − 2a3, b3 = 5a1 − 2a2 + 3a3,
b4 = a1 + a2 − 2a3, b5 = 9a1 − 3a2 + 4a3

29. b1 = 4a1 + 2a2 + 3a3, b2 = 6a1 + 3a2 + 4a3, b3 = a1 + a2 − 2a3,
b4 = 3a1 + 2a2 − a3, b5 = 11a1 + 6a2 + 5a3

30. b1 = 2a1 + a2 + 4a3, b2 = 5a1 − 2a2, b3 = a1 + a3,
b4 = 4a1 − 3a2 − 3a3, b5 = 8a1 − a2 + 5a3

3 Êîíòðîëüíàÿ ðàáîòà 3

Ïóñòü a = {a1, a2, a3} è b = {b1, b2, b3} � äâå ñèñòåìû âåêòîðîâ
èç àðèôìåòè÷åñêîãî ïðîñòðàíñòâà R3.

a) Äîêàçàòü, ÷òî îáå ñèñòåìû a è b ÿâëÿþòñÿ áàçèñàìè ïðîñòðàí-
ñòâà R3.

b) Íàéòè ìàòðèöû ïåðåõîäà îò a ê b è îò b ê a.
c) Íàéòè êîîðäèíàòíûé ñòîëáåö âåêòîðà x â áàçèñàõ a è b.

1. a1 = (5, 7, 8)
>
, a2 = (3, 4, 5)

>
, a3 = (2, 2, 3)

>

b1 = (2, 1, 1)
>
, b2 = (3, 1, 2)

>
, b3 = (3, 2, 2)

>
,

x = (2, 1, 3)
>
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2. a1 = (1, 3,−4)> , a2 = (−1, 3,−1)> , a3 = (−1, 2, 0)>

b1 = (6,−4,−5)> , b2 = (5,−3,−4)> , b3 = (8,−5,−7)> ,
x = (−4, 4, 3)>

3. a1 = (4, 2, 1)
>
, a2 = (2, 1, 1)

>
, a3 = (−1,−1, 2)>

b1 = (−6,−5, 4)> , b2 = (−10,−8, 7)> , b3 = (−7,−6, 5)> ,
x = (4, 3,−4)>

4. a1 = (0, 6,−5)> , a2 = (−1, 8,−5)> , a3 = (−1, 7,−4)>

b1 = (3,−10, 4)> , b2 = (2,−4, 1)> , b3 = (4,−13, 5)> ,
x = (3,−16, 8)>

5. a1 = (3, 4, 6)
>
, a2 = (2, 4, 3)

>
, a3 = (1, 3, 1)

>

b1 = (−1,−4, 1)> , b2 = (−1,−2, 0)> , b3 = (−1,−5, 2)> ,
x = (−1,−6, 1)>

6. a1 = (8, 3, 0)
>
, a2 = (2, 0,−1)> , a3 = (−1,−1,−1)>

b1 = (6, 5, 3)
>
, b2 = (2, 3, 2)

>
, b3 = (9, 7, 4)

>
,

x = (8, 5, 3)
>

7. a1 = (5, 3, 2)
>
, a2 = (5, 2, 2)

>
, a3 = (3, 1, 1)

>

b1 = (−8,−1,−4)> , b2 = (−7,−1,−4)> , b3 = (−10,−1,−5)> ,
x = (−6,−1,−2)>

8. a1 = (7, 6, 7)
>
, a2 = (4, 4, 5)

>
, a3 = (2, 1, 1)

>

b1 = (1,−6,−10)> , b2 = (1,−8,−13)> , b3 = (2,−7,−12)> ,
x = (−1, 0, 0)>

9. a1 = (2, 7, 2)
>
, a2 = (1, 4, 1)

>
, a3 = (2, 4, 1)

>

b1 = (7, 9, 3)
>
, b2 = (10, 13, 4)

>
, b3 = (9, 12, 4)

>
,

x = (−3,−5,−1)>

10. a1 = (1, 3, 2)
>
, a2 = (2, 7, 3)

>
, a3 = (2, 8, 3)

>

b1 = (−3,−8,−3)> , b2 = (−1, 1, 0)> , b3 = (−4,−11,−4)> ,
x = (−5,−20,−7)>

11. a1 = (3,−2,−1)> , a2 = (−6, 1, 0)> , a3 = (−4, 2, 1)>

b1 = (−1,−3,−2)> , b2 = (−1, 2, 1)> , b3 = (2, 4, 3)
>
,

x = (−7, 1, 0)>

12. a1 = (−1, 5,−4)> , a2 = (2,−3, 3)> , a3 = (2,−6, 5)>
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b1 = (1, 6,−4)> , b2 = (−1,−3, 2)> , b3 = (0,−10, 7)> ,
x = (3,−4, 4)>

13. a1 = (2,−1,−2)> , a2 = (−4, 7, 3)> , a3 = (−3, 7, 2)>

b1 = (−1, 11,−1)> , b2 = (0,−11, 2)> , b3 = (1,−5, 0)> ,
x = (−5, 13, 3)>

14. a1 = (2,−3, 3)> , a2 = (−1, 4,−3)> , a3 = (−3, 5,−5)>

b1 = (2, 0, 1)
>
, b2 = (0,−1, 1)> , b3 = (−5, 3,−5)> ,

x = (−2, 6,−5)>

15. a1 = (1,−2,−2)> , a2 = (−3, 3, 4)> , a3 = (1, 2, 1)
>

b1 = (1,−1,−1)> , b2 = (−5, 2, 4)> , b3 = (5, 0,−3)> ,
x = (−1, 3, 3)>

16. a1 = (−1,−4, 4)> , a2 = (3, 7,−5)> , a3 = (2, 5,−4)>

b1 = (2, 0, 3)
>
, b2 = (−1, 2,−4)> , b3 = (−2,−1,−2)> ,

x = (4, 8,−5)>

17. a1 = (−3,−2,−2)> , a2 = (2, 4, 3)
>
, a3 = (1, 3, 2)

>

b1 = (−6, 1,−1)> , b2 = (7, 0, 2)
>
, b3 = (3,−1, 0)> ,

x = (0, 5, 3)
>

18. a1 = (−5,−4, 3)> , a2 = (3, 0,−2)> , a3 = (5, 3,−3)>

b1 = (−7,−9, 4)> , b2 = (5, 6,−3)> , b3 = (9, 11,−5)> ,
x = (3,−1,−2)>

19. a1 = (3,−4,−1)> , a2 = (−5, 7, 2)> , a3 = (−3, 5, 1)>

b1 = (1, 0, 0)
>
, b2 = (−3, 2, 1)> , b3 = (1,−1,−1)> ,

x = (−5, 8, 2)>

20. a1 = (−5,−6, 4)> , a2 = (4, 6,−3)> , a3 = (3, 5,−2)>

b1 = (−8,−7, 7)> , b2 = (9, 8,−8)> , b3 = (5, 5,−4)> ,
x = (2, 5,−1)>

21. a1 = (−5,−1, 5)> , a2 = (−4,−1, 3)> , a3 = (7, 2,−5)>

b1 = (−1,−1, 2)> , b2 = (−3, 0, 1)> , b3 = (6, 2,−5)> ,
x = (−8,−2, 7)>

22. a1 = (−4,−6, 5)> , a2 = (−2,−3, 2)> , a3 = (3, 4,−2)>

b1 = (−1, 1,−2)> , b2 = (−1,−4, 4)> , b3 = (3, 3,−1)> ,
x = (−5,−7, 5)>
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23. a1 = (2, 3,−2)> , a2 = (−1, 1, 0)> , a3 = (2, 0,−1)>

b1 = (5,−5, 1)> , b2 = (−6, 6,−1)> , b3 = (−1, 2,−1)> ,
x = (1, 2,−1)>

24. a1 = (4, 3,−2)> , a2 = (2, 1,−1)> , a3 = (−1, 0, 0)>

b1 = (−9,−5, 7)> , b2 = (11, 6,−8)> , b3 = (3, 2,−3)> ,
x = (3, 2,−1)>

25. a1 = (−1, 3, 3)> , a2 = (1, 0,−2)> , a3 = (−2, 1, 4)>

b1 = (−3, 1, 8)> , b2 = (4,−1,−10)> , b3 = (0, 0,−1)> ,
x = (0, 2, 1)

>

26. a1 = (−1, 2,−2)> , a2 = (0, 1,−1)> , a3 = (1, 0, 1)
>

b1 = (−7,−7, 2)> , b2 = (7, 8,−3)> , b3 = (4, 3, 0)
>
,

x = (−2, 1,−2)>

27. a1 = (3, 2,−4)> , a2 = (0,−1, 1)> , a3 = (1, 2,−3)>

b1 = (1, 5,−4)> , b2 = (−1,−6, 5)> , b3 = (0,−1, 0)> ,
x = (2, 1,−2)>

28. a1 = (3, 1,−2)> , a2 = (0,−1, 1)> , a3 = (2, 4,−5)>

b1 = (−4,−7, 10)> , b2 = (4, 6,−9)> , b3 = (3, 6,−8)> ,
x = (1,−2, 2)>

29. a1 = (2,−5,−5)> , a2 = (2,−3,−2)> , a3 = (−3, 4, 2)>

b1 = (−3, 3, 2)> , b2 = (5,−6,−4)> , b3 = (−1, 2, 1)> ,
x = (3,−6,−5)>

30. a1 = (−3,−5, 3)> , a2 = (−2,−4, 3)> , a3 = (3, 6,−5)>

b1 = (1, 4,−2)> , b2 = (−3,−8, 5)> , b3 = (2, 3,−3)> ,
x = (−4,−7, 5)>

4 Êîíòðîëüíàÿ ðàáîòà 4

Ïóñòü e = {e1, e2, e3} � áàçèñ â íåêîòîðîì òðåõìåðíîì ïðîñòðàí-
ñòâå V.

a) Äîêàçàòü, ÷òî ñèñòåìà e′ = {e′1, e′2, e′3} ÿâëÿåòñÿ áàçèñîì V .
b) Íàéòè ìàòðèöó ïåðåõîäà îò áàçèñà e′ ê áàçèñó e.
c) Íàéòè êîîðäèíàòû âåêòîðà x â áàçèñå e′, çíàÿ åãî êîîðäèíàòû

â áàçèñå e.
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1. e′1 = −6e1+10e2+e3, e′2 = −2e1+3e2+5e3, e′3 = −5e1+8e2+6e3,
x = −3e1 + 5e2

2. e′1 = 6e1 − e2 − 3e3, e′2 = −3e1 + 5e2 + 7e3, e′3 = 2e1 − 2e2 − 3e3,
x = e1 + 6e2 + 7e3

3. e′1 = e1 − 9e2 + 8e3, e′2 = 2e1 + e2 − 2e3, e′3 = −7e1 + 5e2 − e3,
x = 10e1 − 13e2 + 7e3

4. e′1 = 5e1 − 3e2 − 6e3, e′2 = −e2 + 2e3, e′3 = 7e1 − 4e2 − 9e3,
x = −2e1 + 5e3

5. e′1 = 3e1 − 3e2 + e3, e′2 = −4e1 + 3e2 − 2e3, e′3 = 8e1 + 2e2 + 9e3,
x = −9e1 − 2e2 − 10e3

6. e′1 = −8e1 − e2 + 9e3, e′2 = −7e1 + 2e2 + 6e3, e′3 = 4e1 − 8e2 + e3,
x = −19e1 + 9e2 + 14e3

7. e′1 = −2e1 + e2 + 6e3, e′2 = e1 + 4e2 + 2e3, e′3 = −4e1 − 6e2 + 3e3,
x = 3e1 + 11e2 + 5e3

8. e′1 = −e1 − e2 + 3e3, e′2 = −3e1 − 4e2 + 7e3, e′3 = 3e1 + 9e2 + 4e3,
x = −7e1 − 14e2 + 6e3

9. e′1 = 8e1 − 10e2 − 9e3, e′2 = 5e1 − 7e2 − 7e3, e′3 = −e1 + 4e2 + 6e3,
x = 14e1 − 21e2 − 22e3

10. e′1 = −8e1 + 3e2 + 7e3, e′2 = −7e1 + 2e2 + 7e3, e′3 = −7e1 + 10e3,
x = −8e1 + 5e2 + 4e3

11. e′1 = −2e1 − 3e2 + 6e3, e′2 = 3e1 − e3, e′3 = −10e1 + 7e2 − 9e3,
x = −15e1 + 4e2 − 2e3

12. e′1 = −e1 − 6e2 − 10e3, e′2 = −7e1 + e2 + 6e3, e′3 = 3e1 + 5e2 + 7e3,
x = 9e1 − 2e2 − 9e3

13. e′1 = −5e1 − e2 − e3, e′2 = −e1 − 6e2 + 9e3, e′3 = −3e1 − 6e2 + 8e3,
x = −7e1 − e2 − 2e3

14. e′1 = −2e1+4e2+3e3, e′2 = −10e1−9e2+2e3, e′3 = 9e1−8e2−9e3,
x = 17e1 + 5e2 − 8e3

15. e′1 = −8e2 + 9e3, e′2 = e1 − 3e2 − 5e3, e′3 = e1 − 10e2 + 3e3,
x = −15e2 + 17e3

16. e′1 = 3e1− 10e2− 7e3, e′2 = −e1+5e2+8e3, e′3 = −2e1+3e2− 8e3,
x = 2e1 − 12e2 − 23e3

17. e′1 = e1 + 2e3, e′2 = 4e1 + 4e2 + 7e3, e′3 = −e1 + 3e2 − 3e3,
x = −4e1 − e2 − 8e3
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18. e′1 = −2e1 + e2 − 4e3, e′2 = 5e1 − 4e2 − e3, e′3 = 7e1 − 4e2 + 10e3,
x = e2 + 7e3

19. e′1 = 7e1 + 6e2 − 7e3, e′2 = −e1 − 5e2 − 9e3, e′3 = −4e1 − 8e2 − 7e3,
x = 4e1 + 3e2 − 5e3

20. e′1 = 7e1 − 6e2 − e3, e′2 = 7e1 − 9e2 + e3, e′3 = e1 − e2,
x = e1 + 2e2 − 2e3

21. e′1 = 5e1 − 7e2 − 2e3, e′2 = 6e1 − e2 + 10e3, e′3 = 3e2 + 5e3,
x = e1 + 9e2 + 17e3

22. e′1 = 8e1 + 4e2 − 9e3, e′2 = −4e1 − 9e2 + 9e3, e′3 = e1 + 5e2 − 4e3,
x = −11e1 − 8e2 + 14e3

23. e′1 = e1 + 10e2 − 9e3, e′2 = −e1 − 7e2 + 5e3, e′3 = −e1 − 5e2 + 2e3,
x = −3e1 − 22e2 + 16e3

24. e′1 = −9e1 − 4e2 − 9e3, e′2 = 8e1 − 4e2 + 3e3, e′3 = 8e1 − 7e2 + e3,
x = 25e1 − 7e2 + 13e3

25. e′1 = 4e1 − 7e2 + 7e3, e′2 = 2e1 + 5e3, e′3 = −3e1 + 6e2 − 5e3,
x = −5e1 + 13e2 − 7e3

26. e′1 = 7e1 +8e2− 10e3, e′2 = −3e1− 7e2 +8e3, e′3 = 3e1 +8e2− 9e3,
x = −7e1 − 7e2 + 9e3

27. e′1 = 8e1 − 3e3, e′2 = −10e1 − e2 + 3e3, e′3 = −5e1 + 8e2 + 8e3,
x = −23e1 + 7e2 + 14e3

28. e′1 = −e1 + 2e2 − 5e3, e′2 = −7e1 − 4e2 + 2e3, e′3 = −e2 + 2e3,
x = −6e1 − 7e2 + 9e3

29. e′1 = −3e1 + 3e2 − 7e3, e′2 = e2 − 10e3, e′3 = 2e1 − 2e2 + 5e3,
x = 5e1 − 4e2 + 2e3

30. e′1 = 3e1 − 4e2 + 10e3, e′2 = 3e1 + 5e2 + 6e3, e′3 = 2e1 − 8e2 + 9e3,
x = 2e1 + e2 + 5e3

5 Êîíòðîëüíàÿ ðàáîòà 5

Ïóñòü f = {f1, f2, f3} è g = {g1, g2, g3}� äâå ñèñòåìû ìíîãî÷ëåíîâ
èç ïðîñòðàíñòâà ìíîãî÷ëåíîâ ñòåïåíè íå âûøå 2.

a) Äîêàçàòü, ÷òî îáå ñèñòåìû f è g ÿâëÿþòñÿ áàçèñàìè ðàññìàò-
ðèâàåìîãî ïðîñòðàíñòâà.

b) Íàéòè ìàòðèöó ïåðåõîäà îò áàçèñà f ê áàçèñó g.
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c) Íàéòè êîîðäèíàòû ìíîãî÷ëåíà h(t) = 1+t+t2 â îáîèõ áàçèñàõ.

1. f1 = 1 + 4t+ 2t2, f2 = 1 + t+ t2, f3 = 1 + 3t+ 2t2,
g1 = 2 + t+ 4t2, g2 = 1 + t+ 5t2, g3 = 2 + t+ 3t2

2. f1 = 3t+ t2, f2 = 1 + 3t+ 2t2, f3 = 1 + 5t+ 3t2,
g1 = 1− t2, g2 = 2 + t+ 3t2, g3 = 3 + t+ t2

3. f1 = 1 + 5t+ 5t2, f2 = −1− 3t− 4t2, f3 = −3t− t2,
g1 = 5 + t− 7t2, g2 = −4− t+ 5t2, g3 = −1 + t2

4. f1 = 1− t+ 2t2, f2 = 1 + 2t+ 4t2, f3 = −t− t2,
g1 = 2 + t− t2, g2 = 4 + t− 6t2, g3 = −1 + 3t2

5. f1 = −2 + 2t− 3t2, f2 = 3− 4t+ 4t2, f3 = −2 + 3t− 2t2,
g1 = −3− 2t− 2t2, g2 = 4 + 3t+ 4t2, g3 = −2− 2t− 5t2

6. f1 = 1 + 2t+ 2t2, f2 = 3t+ t2, f3 = 2 + 2t+ 3t2,
g1 = 2 + t+ 2t2, g2 = 1− t2, g3 = 3 + 2t+ 6t2

7. f1 = 1 + 5t+ 3t2, f2 = 1 + 2t+ 2t2, f3 = 1 + 3t+ 2t2,
g1 = 3 + t+ t2, g2 = 2 + t+ 2t2, g3 = 2 + t+ 3t2

8. f1 = 2 + 3t+ 6t2, f2 = 1 + 3t+ 4t2, f3 = 2t+ t2,
g1 = 6 + 2t− 5t2, g2 = 4 + t− 5t2, g3 = 1− 2t2

9. f1 = 1 + 2t+ 3t2, f2 = 2 + 7t+ 7t2, f3 = 2 + 5t+ 6t2,
g1 = 3 + t− 2t2, g2 = 7 + 2t− 5t2, g3 = 6 + 2t− 3t2

10. f1 = 2 + 3t+ 4t2, f2 = 3 + t+ 5t2, f3 = 1 + t+ 2t2,
g1 = 4 + 2t+ 3t2, g2 = 5 + 3t+ 5t2, g3 = 2 + t+ t2

11. f1 = 4 + 3t2, f2 = 1 + t2, f3 = t,
g1 = 3 + 2t+ 5t2, g2 = 2 + t+ 3t2, g3 = 2 + t2

12. f1 = −2− t− 2t2, f2 = 3 + 2t+ 3t2, f3 = 2t+ t2,
g1 = −6− 2t− 7t2, g2 = 10 + 3t+ 11t2, g3 = 9 + 2t+ 9t2

13. f1 = 3 + 2t+ 2t2, f2 = 4 + t+ 2t2, f3 = 6 + t+ 3t2,
g1 = 5 + t+ 4t2, g2 = −t2, g3 = −1− 2t2

14. f1 = 7 + 4t2, f2 = 5 + 3t2, f3 = 2 + t+ 2t2,
g1 = −1 + t, g2 = t+ t2, g3 = 6 + 2t+ 7t2

15. f1 = 3 + 2t2, f2 = 4 + 4t+ t2, f3 = 2 + t+ t2,
g1 = 1 + t+ 2t2, g2 = 1− 2t− 5t2, g3 = 1

16. f1 = 7 + 2t+ 4t2, f2 = 6 + t+ 4t2, f3 = 5 + t+ 3t2,
g1 = 3 + t+ 2t2, g2 = 4 + 2t+ 5t2, g3 = 2 + t+ 2t2
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17. f1 = −3− t2, f2 = 3 + t+ 2t2, f3 = −1 + t+ t2,
g1 = 4 + t+ 5t2, g2 = 3 + t+ 3t2, g3 = 10 + 3t+ 12t2

18. f1 = 2− t+ t2, f2 = −3− 2t− t2, f3 = −1 + 3t− t2,
g1 = −3− 2t2, g2 = t+ 3t2, g3 = 4− t

19. f1 = 1− t, f2 = 2 + 3t+ 2t2, f3 = −2− t2,
g1 = −5− t− 5t2, g2 = 10 + 2t+ 9t2, g3 = 1 + t2

20. f1 = 1− t+ t2, f2 = 5− 4t+ 5t2, f3 = 4− t+ 3t2,
g1 = t+ 2t2, g2 = 2 + 5t+ 11t2, g3 = 1 + 2t+ 4t2

21. f1 = 3 + 2t, f2 = 4 + 4t+ t2, f3 = 3 + t− t2,
g1 = 4 + 2t+ 5t2, g2 = 6 + 3t+ 7t2, g3 = 3 + t+ 4t2

22. f1 = −1 + t+ t, f2 = 2t+ t2, f3 = −3 + 2t+ 3t2,
g1 = −1− t− 4t2, g2 = −t− 5t2, g3 = −2− t− 4t2

23. f1 = 4 + 2t− t2, f2 = 6 + 5t, f3 = 3 + 4t+ t2,
g1 = 4 + t+ t2, g2 = 7 + 2t+ 2t2, g3 = 4 + t

24. f1 = −3 + t+ 2t2, f2 = −2 + t2, f3 = 3− t2,
g1 = −3− 2t− 7t2, g2 = −2− t− 3t2, g3 = 4 + 3t+ 10t2

25. f1 = −2 + 3t+ 4t2, f2 = 1 + t+ t2, f3 = 2− 2t− 3t2,
g1 = 1 + 2t+ 6t2, g2 = 3 + 3t+ 10t2, g3 = −t− 3t2

26. f1 = 1− 3t− 2t2, f2 = 2− 3t− 3t2, f3 = −4 + 5t+ 6t2,
g1 = 1 + 2t+ 9t2, g2 = 1 + t+ 5t2, g3 = −1− 2t2

27. f1 = −3 + t+ 3t2, f2 = −4 + t+ 4t2, f3 = 3 + t− 2t2,
g1 = −1 + t+ 4t2, g2 = −1 + 2t+ 8t2, g3 = 1− 2t− 9t2

28. f1 = −1 + 6t+ 5t2, f2 = 3t+ 2t2, f3 = −1− t,
g1 = 2 + t, g2 = 1− 2t2, g3 = −1 + t2

29. f1 = 3 + t− t2, f2 = 5 + 4t, f3 = 1 + 2t+ t2,
g1 = 3 + t+ 2t2, g2 = 6 + 2t+ 3t2, g3 = 2 + t+ 2t2

30. f1 = 4− t− 4t2, f2 = −2 + 2t+ 3t2, f3 = 3− 2t− 4t2,
g1 = 1− 2t− 8t2, g2 = t+ 3t2, g3 = −2t− 7t2
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6 Êîíòðîëüíàÿ ðàáîòà 6

Íàéòè ðàíã ìàòðèöû.

1.


−3 7 −9 9 6
7 −4 −5 −2 4
−7 3 5 −6 −6
0 −1 0 −8 −2

 2.


4 3 0 −6 −9
9 −7 −3 −7 −7
−9 −6 1 10 −1
−4 −3 0 6 9


3.


1 7 5 7 5
4 −2 −1 5 9
1 4 −3 6 −1
0 3 8 1 6

 4.


3 0 6 0 6
1 7 8 8 4
5 0 10 0 10
9 1 4 6 10


5.


4 1 0 5 8
−1 4 3 6 7
6 5 −1 10 9
0 10 0 10 0

 6.


−1 8 3 9 1
−3 3 1 6 −3
5 2 5 4 0
4 10 4 6 8


7.


8 9 5 2 4
−2 3 2 7 8
2 1 −2 9 8
6 10 7 1 4

 8.


6 −3 1 6 3
2 5 1 6 3
1 −2 0 0 0
−2 0 4 4 3


9.


4 0 1 6 −2
6 9 4 9 10
4 3 1 7 1
2 −3 3 −1 0

 10.


−1 −3 1 10 −2
−2 −3 −1 3 7
0 −1 2 6 5
3 3 6 5 10


11.


0 −2 2 −1 2
3 3 2 0 1
2 −3 −2 0 −1
4 5 0 1 −1

 12.


6 6 0 −2 2
−3 2 6 1 0
6 6 5 7 3
3 3 0 −1 1


13.


2 6 4 5 6
3 5 4 0 6
2 4 0 7 −2
0 1 2 −1 4

 14.


4 −2 7 2 −2
2 3 0 3 −3
−2 −2 1 6 0
−1 3 −3 5 −2


15.


7 2 6 0 1
2 4 6 3 −1
2 0 −1 4 4
−2 0 −3 5 3

 16.


4 3 1 3 7
5 6 4 5 4
3 6 4 7 7
6 7 5 5 2


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17.


2 −1 −2 −3 2
4 7 −3 −1 6
7 −3 3 0 −1
5 −2 5 3 −3

 18.


4 −3 0 −2 2
−2 1 1 2 0
−2 −3 1 −3 −3
2 −2 1 0 2


19.


−3 −3 6 1 0
−2 1 2 −1 0
0 −2 6 −3 −1
−3 −1 0 4 1

 20.


6 6 3 −1 3
0 4 4 1 6
−3 5 5 −2 6
3 −1 0 6 3


21.


−3 3 0 6 0
5 2 0 −1 1
4 4 1 −2 1
1 −3 −2 4 0

 22.


−3 2 7 1 7
1 0 0 −1 −1
1 4 4 5 7
0 2 0 5 4


23.


4 1 −2 6 2
1 −2 2 1 0
3 0 −3 −3 4
5 −1 0 7 2

 24.


5 7 −1 0 4
2 5 −1 −1 2
0 −3 −2 −3 6
4 −1 1 3 2


25.


2 −2 7 −2 −1
6 1 5 0 1
3 6 4 −3 −3
4 3 −2 2 2

 26.


3 5 3 1 −2
−3 −2 3 2 5
2 0 4 4 −2
1 −2 −2 0 −3


27.


1 −1 1 0 4
1 −3 0 5 2
4 3 5 5 3
2 −1 2 2 5

 28.


1 −1 1 −1 −3
3 0 5 −3 1
2 1 4 −2 4
2 −1 1 −1 5


29.


0 2 −1 −2 −2
−3 −3 −2 4 4
2 −1 2 −1 −2
4 1 5 −1 0

 30.


−3 −1 5 5 −1
0 4 −2 −1 0
5 −3 1 −3 −2
−3 3 3 4 −1


7 Êîíòðîëüíàÿ ðàáîòà 7

Äëÿ äàííîé ìàòðèöû A :
a) íàéòè ñòîëáöîâóþ áàçó; ñòîëáöû, íå âõîäÿùèå â áàçó, âûðàçèòü

÷åðåç áàçó;
b) íàéòè ñòðî÷å÷íóþ áàçó; ñòðîêè, íå âõîäÿùèå â áàçó, âûðàçèòü

÷åðåç áàçó;
c) íàéòè áàçèñíûé ìèíîð.
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1. A =


2 1 1 1
1 1 3 −2
0 −1 −5 3
3 1 −1 0

 2. A =


5 1 −1 2
4 −1 −1 6
−3 3 1 −10
6 3 −1 −2


3. A =


0 4 7 2
−2 4 3 −1
4 −4 1 4
2 4 11 5

 4. A =


4 1 2 5
5 −2 5 7
−6 5 −8 −9
3 4 −1 3


5. A =


5 −1 1 3
2 4 −1 6
1 −9 3 −9
8 −6 3 0

 6. A =


5 7 3 6
2 −2 0 1
3 9 3 5
7 5 3 7


7. A =


4 1 2 4
−2 2 3 −1
6 −1 −1 5
2 3 5 3

 8. A =


3 −2 2 7
−2 0 2 3
5 −2 0 4
1 −2 4 10


9. A =


1 3 6 3
2 −1 7 −2
−1 4 −1 5
3 2 13 1

 10. A =


6 5 2 −1
4 −2 1 6
2 7 1 −7
10 3 3 5


11. A =


−1 2 1 4
2 4 4 0
2 −2 −1 3
−1 8 6 1

 12. A =


2 6 1 3
7 6 3 2
2 −1 5 2
7 13 −1 3


13. A =


−2 1 7 3
2 6 3 6
1 5 −2 7
−1 2 12 2

 14. A =


5 −2 0 −2
1 3 6 0
6 7 −1 7
0 −6 7 −9


15. A =


6 5 4 −2
−2 1 −2 0
1 7 −2 3
3 −1 4 −5

 16. A =


2 3 1 1
5 −2 0 4
3 −1 5 7
−4 9 −3 −9


17. A =


5 0 −2 1
4 2 −2 2
6 0 6 7
0 −2 −8 −7

 18. A =


5 −1 5 2
−1 4 1 4
6 4 2 −1
5 −10 7 1


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19. A =


1 3 4 5
6 4 4 3
2 4 3 4
−6 −2 1 3

 20. A =


5 3 2 −1
6 4 3 0
7 5 −1 −1
−3 −3 2 −1



21. A =


0 5 7 7
2 −1 −2 6
3 7 5 7
1 13 14 8
−5 4 11 1

 22. A =


4 1 5 4
4 2 2 1
1 5 5 3
1 4 8 6
3 −5 3 4



23. A =


2 1 1 4
2 1 5 5
1 4 2 1
1 4 −2 0
1 −3 −5 2

 24. A =


2 2 3 1
2 5 1 5
1 2 1 5
1 −1 3 1
1 −3 4 −8



25. A =


1 5 2 2
2 3 2 4
4 1 1 1
3 3 1 −1
−4 6 1 −1

 26. A =


2 1 5 5
2 3 1 4
1 5 4 5
1 0 −7 −2
1 3 8 6



27. A =


4 5 4 3
4 2 5 1
2 1 1 3
2 −2 5 −4
2 4 0 5

 28. A =


3 3 1 1
5 4 1 2
5 4 3 2
2 1 −2 1
3 3 3 1



29. A =


3 3 5 4
1 5 4 1
3 5 3 1
−4 2 0 −3
5 3 4 4

 30. A =


3 4 3 1
3 2 3 5
2 1 2 2
1 −1 1 7
2 3 2 −2


8 Êîíòðîëüíàÿ ðàáîòà 8

a) Äëÿ çàäàííîé ñèñòåìû ëèíåéíûõ îäíîðîäíûõ óðàâíåíèé
Ax = 0 íàéòè ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé. Íàéòè ðàçìåð-
íîñòü ïðîñòðàíñòâà ðåøåíèé.

b) Äëÿ íåîäíîðîäíîé ñèñòåìû óðàâíåíèé Ax = b íàéòè îáùåå
ðåøåíèå.
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1. A =


6 1 5 5 3
2 −1 2 −5 −1
1 10 5 −3 2
5 8 8 −5 2

 b =


4
−1
−2
−1



2. A =


1 11 4 8 5
7 8 6 25 10
−1 −4 −3 5 0
5 10 7 9 6

 b =


2
11
2
4



3. A =


4 −5 −1 21 5
6 1 5 5 3
6 7 8 −1 3
1 −1 0 4 1

 b =


10
4
1
2



4. A =


9 −4 5 11 4
4 8 5 12 6
4 14 7 14 8
6 −1 3 15 5

 b =


8
5
5
8



5. A =


1 11 4 8 5
3 13 6 12 7
6 1 5 5 3
5 −2 4 −3 0

 b =


2
4
4
1



6. A =


3 11 6 6 5
9 −4 4 19 6
3 6 4 7 4
7 −3 3 16 5

 b =


2
11
3
9



7. A =


3 14 7 7 6
2 4 1 18 6
3 1 3 0 1
8 2 6 14 6

 b =


2
7
1
8



8. A =


4 6 5 6 4
8 5 7 15 7
9 4 9 3 4
3 7 4 10 5

 b =


3
8
4
4



9. A =


5 6 5 13 6
6 17 10 13 9
4 17 8 15 9

10 2 9 4 4

 b =


6
5
5
5


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10. A =


8 1 7 3 3
4 15 8 9 7
3 8 5 5 4
1 9 4 2 3

 b =


4
3
2
0



11. A =


8 3 5 14 3
2 1 1 4 1
5 0 1 11 2
2 3 1 5 2

 b =


7
1
2
−1



12. A =


5 19 6 13 9
4 4 6 3 1
6 5 5 10 3
3 15 4 9 7

 b =


−7
8
5
−7



13. A =


8 −2 2 16 2
7 0 3 13 2
3 18 7 6 7
3 5 4 4 2

 b =


6
6
−4
3



14. A =


5 4 3 10 3
4 5 3 8 3
3 8 5 4 3
4 16 6 9 7

 b =


2
1
2
−4



15. A =


2 2 0 6 2
7 5 4 14 4
3 9 2 9 5
9 8 5 19 6

 b =


−2
3
5
−2



16. A =


8 7 7 13 4
4 8 6 5 3
1 7 2 3 3
0 17 5 1 6

 b =


7
4
−3
−7



17. A =


−1 3 2 −4 0
2 10 8 −2 2
7 8 7 11 4
3 7 4 5 3

 b =


1
6
6
1



18. A =


5 1 2 10 2
3 11 4 7 5
3 13 4 8 6
5 6 3 11 4

 b =


3
−3
−5
0


20



19. A =


4 −6 2 4 −2
5 7 2 13 5
3 16 5 8 7
6 11 3 16 7

 b =


10
−3
−6
−5



20. A =


−2 −3 −1 −5 −2
5 4 3 10 3
1 −1 2 −1 −1
5 9 2 14 6

 b =


1
2
5
−5



21. A =


3 11 8 −5 6
7 1 2 −3 6
3 2 3 −4 2
1 2 2 −2 1

 b =


31
15
9
6



22. A =


8 7 8 −9 7
5 14 10 −6 9
−2 −3 −3 3 −2
2 −3 −1 −1 0

 b =


29
42
−10
−4



23. A =


−8 7 1 5 −2
5 −1 −3 5 7
11 −3 4 −11 4
−7 2 −3 8 −2

 b =


4
10
9
−5



24. A =


6 13 12 −11 7
5 −13 −3 −7 −5
2 −4 2 −8 −4
2 −11 −7 3 −2

 b =


39
−26
−10
−22



25. A =


4 1 3 −5 2
5 5 3 −1 7
9 −5 2 −9 2
−4 −3 −2 1 −5

 b =


8
22
1
−15



26. A =


3 1 0 1 4
−2 5 3 −1 0
4 4 3 −2 5
4 7 5 −3 6

 b =


9
8
17
24



27. A =


4 2 5 −8 1
2 2 2 −2 2
7 5 6 −7 6
7 2 7 −12 2

 b =


9
8
23
13


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28. A =


3 10 5 0 8
1 5 1 3 5
3 3 4 −5 2
3 9 5 −1 7

 b =


31
16
11
28



29. A =


9 4 6 −8 7
10 −1 5 −11 4
4 7 4 −1 7
1 5 2 1 4

 b =


24
12
25
15



30. A =


−2 1 1 −1 −2
5 5 3 −1 7
6 6 7 −8 5
4 3 6 −9 1

 b =


−2
22
23
11


9 Êîíòðîëüíàÿ ðàáîòà 9

Ïóñòü V1 = L(a1, a2), V2 = L(b1, b2, b3) � äâà ïîäïðîñòðàíñòâà â
àðèôìåòè÷åñêîì ïðîñòðàíñòâå R5.
a) Íàéòè ðàçìåðíîñòè è áàçèñû ïîäïðîñòðàíñòâ V1, V2, V1+V2, V1∩V2.
b) Äîïîëíèòü áàçèñ ïåðåñå÷åíèÿ äî áàçèñîâ êàæäîãî èç ïîäïðîñòðàíñòâ
V1, V2, V1 + V2.
c) Äîïîëíèòü áàçèñû V1 è V2 äî áàçèñà V1 + V2.
d) Ðàçëîæèòü áàçèñ ïåðåñå÷åíèÿ ïî ñèñòåìàì {a1, a2} è {b1, b2, b3} è
ïî áàçèñó ñóììû.
e) ßâëÿåòñÿ ëè ñóììà V1 + V2 ïðÿìîé?
f) Äîïîëíèòü áàçèñ ñóììû äî áàçèñà âñåãî ïðîñòðàíñòâà R5.

1. a1 = (1, 1, 0, 3, 2)>, a2 = (3, 3, 0, 4, 1)>,
b1 = (0, 2, 0, 3, 3)>, b2 = (0, 1, 0, 0, 0)>, b3 = (0, 1, 0, 1, 1)>

2. a1 = (−1, 1, 0, 1, 2)>, a2 = (−3, 3, 0,−2, 1)>,
b1 = (0,−2, 0,−1, 3)>, b2 = (0,−1, 0,−2, 0)>, b3 = (0,−1, 0,−1, 1)>

3. a1 = (2, 1, 0, 4, 2)>, a2 = (6, 3, 0, 7, 1)>,
b1 = (0, 0, 0, 1, 3)>, b2 = (0, 0, 0,−1, 0)>, b3 = (0, 0, 0, 4, 1)>

4. a1 = (2, 1, 0, 2, 4)>, a2 = (−6, 3, 0,−4, 2)>,
b1 = (0,−2, 0, 0, 4)>, b2 = (0,−1, 0,−3,−1)>, b3 = (0, 1, 0, 1, 1)>

5. a1 = (−2, 1, 0, 0, 2)>, a2 = (−6, 3, 0,−5, 1)>,
b1 = (0,−2, 0,−1, 3)>, b2 = (0, 1, 0, 1, 1)>, b3 = (0,−1, 0,−2, 0)>
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6. a1 = (2, 1, 0, 4, 2)>, a2 = (6, 3, 0, 7, 1)>,
b1 = (0, 2, 0, 3, 3)>, b2 = (0, 1, 0, 0, 0)>, b3 = (0, 3, 0, 1, 1)>

7. a1 = (−1, 1, 0, 3, 4)>, a2 = (−3, 3, 0,−1, 2)>,
b1 = (0,−2, 0, 0, 4)>, b2 = (0,−1, 0,−3,−1)>, b3 = (0,−1, 0, 1, 5)>

8. a1 = (−2, 1, 0, 2, 4)>, a2 = (−6, 3, 0,−4, 2)>,
b1 = (0, 0, 0, 2, 4)>, b2 = (0, 0, 0,−2,−1)>, b3 = (0, 0, 0, 4, 1)>

9. a1 = (−3, 1, 0, 1, 4)>, a2 = (−9, 3, 0,−7, 2)>,
b1 = (0, 4, 0, 6, 4)>, b2 = (0, 2, 0, 0,−1)>, b3 = (0, 2, 0, 2, 1)>

10. a1 = (0, 4, 0, 3, 1)>, a2 = (0, 2, 0, 3, 2)>,
b1 = (−3, 1, 0,−5,−2)>, b2 = (−9, 3, 0,−10,−1)>, b3 = (3,−1, 0, 3, 0)>

11. a1 = (−2, 1, 0,−6,−4)>, a2 = (−6, 3, 0,−8,−2)>,
b1 = (0, 4, 0, 2, 0)>, b2 = (0, 2, 0, 4, 3)>, b3 = (0, 2, 0, 2, 1)>

12. a1 = (2, 1, 0, 4, 2)>, a2 = (6, 3, 0, 7, 1)>,
b1 = (0,−2, 0,−1, 3)>, b2 = (0,−1, 0,−2, 0)>, b3 = (0,−1, 0,−1, 1)>

13. a1 = (0, 4, 0, 3, 1)>, a2 = (0, 2, 0, 3, 2)>,
b1 = (−2, 1, 0,−4,−2)>, b2 = (−6, 3, 0,−7,−1)>, b3 = (2,−1, 0, 2, 0)>

14. a1 = (1, 1, 0, 3, 2)>, a2 = (3, 3, 0, 4, 1)>,
b1 = (0,−2, 0,−1, 3)>, b2 = (0,−1, 0,−2, 0)>, b3 = (0,−1, 0,−1, 1)>

15. a1 = (−2, 1, 0, 4, 6)>, a2 = (−6, 3, 0,−3, 3)>,
b1 = (0, 4, 0, 7, 5)>, b2 = (0, 2, 0,−1,−2)>, b3 = (0, 2, 0, 2, 1)>

16. a1 = (1, 1, 0, 7, 6)>, a2 = (3, 3, 0, 6, 3)>,
b1 = (0, 6, 0, 9, 5)>, b2 = (0, 3, 0, 0,−2)>, b3 = (0, 3, 0, 3, 1)>

17. a1 = (1, 1, 0, 3, 2)>, a2 = (3, 3, 0, 4, 1)>,
b1 = (0, 2, 0, 3, 3)>, b2 = (0, 1, 0, 0, 0)>, b3 = (0, 1, 0, 1, 1)>

18. a1 = (−1, 1, 0, 1, 2)>, a2 = (−3, 3, 0,−2, 1)>,
b1 = (0,−2, 0,−1, 3)>, b2 = (0,−1, 0,−2, 0)>, b3 = (0,−1, 0,−1, 1)>

19. a1 = (2, 1, 0, 4, 2)>, a2 = (6, 3, 0, 7, 1)>,
b1 = (0, 0, 0, 1, 3)>, b2 = (0, 0, 0,−1, 0)>, b3 = (0, 0, 0, 4, 1)>

20. a1 = (−2, 1, 0, 2, 4)>, a2 = (−6, 3, 0,−4, 2)>,
b1 = (0,−2, 0, 0, 4)>, b2 = (0,−1, 0,−3,−1)>, b3 = (0,−1, 0,−1, 1)>

21. a1 = (−2, 1, 0, 0, 2)>, a2 = (−6, 3, 0,−5, 1)>,
b1 = (0,−2, 0,−1, 3)>, b2 = (0,−1, 0,−2, 0)>, b3 = (0,−1, 0,−1, 1)>

22. a1 = (2, 1, 0, 4, 2)>, a2 = (6, 3, 0, 7, 1)>,
b1 = (0, 2, 0, 3, 3)>, b2 = (0, 1, 0, 0, 0)>, b3 = (0, 1, 0, 1, 1)>
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23. a1 = (−1, 1, 0, 3, 4)>, a2 = (−3, 3, 0,−1, 2)>,
b1 = (0,−2, 0, 0, 4)>, b2 = (0,−1, 0,−3,−1)>, b3 = (0,−1, 0,−1, 1)>

24. a1 = (−2, 1, 0, 2, 4)>, a2 = (−6, 3, 0,−4, 2)>,
b1 = (0, 0, 0, 2, 4)>, b2 = (0, 0, 0,−2,−1)>, b3 = (0, 0, 0, 4, 1)>

25. a1 = (−3, 1, 0, 1, 4)>, a2 = (−9, 3, 0,−7, 2)>,
b1 = (0, 4, 0, 6, 4)>, b2 = (0, 2, 0, 0,−1)>, b3 = (0, 2, 0, 2, 1)>

26. a1 = (0, 4, 0, 3, 1)>, a2 = (0, 2, 0, 3, 2)>,
b1 = (−3, 1, 0,−5,−2)>, b2 = (−9, 3, 0,−10,−1)>, b3 = (3,−1, 0, 3, 0)>

27. a1 = (−2, 1, 0,−6,−4)>, a2 = (−6, 3, 0,−8,−2)>,
b1 = (0, 4, 0, 2, 0)>, b2 = (0, 2, 0, 4, 3)>, b3 = (0, 2, 0, 2, 1)>

28. a1 = (2, 1, 0, 4, 2)>, a2 = (6, 3, 0, 7, 1)>,
b1 = (0,−2, 0,−1, 3)>, b2 = (0,−1, 0,−2, 0)>, b3 = (0,−1, 0,−1, 1)>

29. a1 = (0, 4, 0, 3, 1)>, a2 = (0, 2, 0, 3, 2)>,
b1 = (−2, 1, 0,−4,−2)>, b2 = (−6, 3, 0,−7,−1)>, b3 = (2,−1, 0, 2, 0)>

30. a1 = (1, 1, 0, 3, 2)>, a2 = (3, 3, 0, 4, 1)>,
b1 = (0,−2, 0,−1, 3)>, b2 = (0,−1, 0,−2, 0)>, b3 = (0,−1, 0,−1, 1)>

31. a1 = (−2, 1, 0, 4, 6)>, a2 = (−6, 3, 0,−3, 3)>,
b1 = (0, 4, 0, 7, 5)>, b2 = (0, 2, 0,−1,−2)>, b3 = (0, 2, 0, 2, 1)>

32. a1 = (1, 1, 0, 7, 6)>, a2 = (3, 3, 0, 6, 3)>,
b1 = (0, 6, 0, 9, 5)>, b2 = (0, 3, 0, 0,−2)>, b3 = (0, 3, 0, 3, 1)>

33. a1 = (1, 1, 0, 3, 2)>, a2 = (3, 3, 0, 4, 1)>,
b1 = (0, 2, 0, 3, 3)>, b2 = (0, 1, 0, 0, 0)>, b3 = (0, 1, 0, 1, 1)>

10 Êîíòðîëüíàÿ ðàáîòà 10

a) Çàäàòü ñèñòåìîé ëèíåéíûõ óðàâíåíèé ïîäïðîñòðàíñòâî
W = L(a1, . . . , as).

b) Çàäàòü ñèñòåìîé ëèíåéíûõ óðàâíåíèé ëèíåéíîå ìíîãîîáðàçèå
M = q +W .

1. a1 = (1, 1,−1, 0)>, a2 = (−2, 0, 1, 1)>, a3 = (8, 2,−5,−3)>,
q = (2, 3,−2, 1)>

2. a1 = (−1, 1, 0, 1)>, a2 = (0, 2,−1, 1)>, a3 = (−2,−4, 3,−1)>,
q = (0, 3,−1, 2)>
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3. a1 = (1, 3,−2, 1)>, a2 = (4, 2,−3,−1)>, a3 = (−10, 0, 5, 5)>,
q = (2, 5,−3, 2)>

4. a1 = (5, 3,−4,−1)>, a2 = (3, 1,−2,−1)>, a3 = (1, 3,−2, 1)>,
q = (6, 5,−5, 0)>

5. a1 = (−2, 4,−1, 3)>, a2 = (−3, 1, 1, 2)>, a3 = (5, 5,−5, 0)>,
q = (−1, 6,−2, 4)>

6. a1 = (8, 2,−5,−3)>, a2 = (7, 3,−5,−2)>, a3 = (−5,−5, 5, 0)>,
q = (9, 4,−6,−2)>

7. a1 = (5, 1,−3,−2)>, a2 = (6, 4,−5,−1)>, a3 = (−8,−10, 9,−1)>,
q = (6, 3,−4,−1)>

8. a1 = (−1, 5,−2, 3)>, a2 = (10, 4,−7,−3)>, a3 = (−32,−2, 17, 15)>,
q = (0, 7,−3, 4)>

9. a1 = (11, 5,−8,−3)>, a2 = (5, 7,−6, 1)>, a3 = (7,−11, 2,−9)>,
q = (12, 7,−9,−2)>

10. a1 = (14, 6,−10,−4)>, a2 = (7, 5,−6,−1)>, a3 = (7,−3,−2,−5)>,
q = (15, 8,−11,−3)>

11. a1 = (0, 1,−1, 1)>, a2 = (1, 1, 2, 0)>, a3 = (−3,−1,−8, 2)>,
q = (1, 2, 0, 3)>

12. a1 = (−1, 0,−3, 1)>, a2 = (−1, 1,−4, 2)>, a3 = (1,−3, 6,−4)>,
q = (0, 1,−2, 3)>

13. a1 = (−1, 2,−5, 3)>, a2 = (2, 1, 5,−1)>, a3 = (−8, 1,−25, 9)>,
q = (0, 3,−4, 5)>

14. a1 = (3, 2, 7,−1)>, a2 = (−1, 3,−6, 4)>, a3 = (9,−5, 32,−14)>,
q = (4, 3, 8, 1)>

15. a1 = (−2, 1,−7, 3)>, a2 = (3, 1, 8,−2)>, a3 = (1, 2, 1, 1)>,
q = (−1, 2,−6, 5)>

16. a1 = (−4,−1,−11, 3)>, a2 = (−3, 1,−10, 4)>, a3 = (1,−5, 8,−6)>,
q = (−3, 0,−10, 5)>

17. a1 = (−4,−2,−10, 2)>, a2 = (2,−3, 9,−5)>, a3 = (6,−1, 19,−7)>,
q = (−3,−1,−9, 4)>

18. a1 = (−5,−2,−13, 3)>, a2 = (−3, 2,−11, 5)>, a3 = (1, 10,−7, 9)>,
q = (−4,−1,−12, 5)>

19. a1 = (−7,−1,−20, 6)>, a2 = (−5,−3,−12, 2)>, a3 = (1, 7,−4, 6)>,
q = (−6, 0,−19, 8)>
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20. a1 = (5, 7, 8, 2)>, a2 = (2, 3, 3, 1)>, a3 = (4, 5, 7, 1)>,
q = (6, 8, 9, 4)>

21. a1 = (−1, 0, 1, 1)>, a2 = (1, 1, 0, 2)>, a3 = (−5,−3, 2,−4)>,
q = (0, 2, 3, 4)>

22. a1 = (−2,−1, 1,−1)>, a2 = (−3,−1, 2, 0)>, a3 = (5, 1,−4,−2)>,
q = (−1, 1, 3, 2)>

23. a1 = (−4,−1, 3, 1)>, a2 = (3, 2,−1, 3)>, a3 = (7, 3,−4, 2)>,
q = (−3, 1, 5, 4)>

24. a1 = (4, 3,−1, 5)>, a2 = (−5,−1, 4, 2)>, a3 = (9, 4,−5, 3)>,
q = (5, 5, 1, 8)>

25. a1 = (−5,−2, 3,−1)>, a2 = (5, 3,−2, 4)>, a3 = (−25,−13, 12,−14)>,
q = (−4, 0, 5, 2)>

26. a1 = (−1, 2, 3, 7)>, a2 = (1, 3, 2, 8)>, a3 = (−5,−5, 0,−10)>,
q = (0, 4, 5, 10)>

27. a1 = (1, 2, 1, 5)>, a2 = (−1, 1, 2, 4)>, a3 = (5, 1,−4,−2)>,
q = (2, 4, 3, 8)>

28. a1 = (2, 3, 1, 7)>, a2 = (−2, 1, 3, 5)>, a3 = (10, 3,−7,−1)>,
q = (3, 5, 3, 10)>

29. a1 = (3, 4, 1, 9)>, a2 = (−3, 1, 4, 6)>, a3 = (15, 5,−10, 0)>,
q = (4, 6, 3, 12)>

30. a1 = (3, 5, 2, 12)>, a2 = (−3, 1, 4, 6)>, a3 = (15, 7,−8, 6)>,
q = (4, 7, 4, 15)>

11 Êîíòðîëüíàÿ ðàáîòà 11

Ïóñòü A � êâàäðàòíàÿ ìàòðèöà ïîðÿäêà 5 ñ ýëåìåíòàìè aij . Âû-
÷èñëèòü îïðåäåëèòåëü ìàòðèöû A:
a) ñ ïîìîùüþ ìåòîäà Ãàóññà;
b) ñ ïîìîùüþ òåîðåìû Ëàïëàñà, ðàñêëàäûâàÿ ïî ñòðîêàì {i1, i2, i3}
è ïî ñòîëáöàì {j1, j2}.
1. aij = i+ j, {i1, i2, i3} = {1, 2, 3}, {j1, j2} = {1, 2}
2. aij = i− j, {i1, i2, i3} = {1, 2, 4}, {j1, j2} = {1, 3}
3. aij = j − i, {i1, i2, i3} = {1, 2, 5}, {j1, j2} = {1, 4}
4. aij = |i− j|, {i1, i2, i3} = {1, 3, 4}, {j1, j2} = {1, 5}
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5. aij = |i− j|+ 2j, {i1, i2, i3} = {1, 3, 5}, {j1, j2} = {2, 3}
6. aij = |i− j| − 2i, {i1, i2, i3} = {1, 4, 5}, {j1, j2} = {2, 4}
7. aij = 2i− j, {i1, i2, i3} = {2, 3, 4}, {j1, j2} = {2, 5}
8. aij = 3i− 2j, {i1, i2, i3} = {2, 3, 5}, {j1, j2} = {3, 4}
9. aij = |2i− j|, {i1, i2, i3} = {2, 4, 5}, {j1, j2} = {3, 5}
10. aij = |3i− 2j|, {i1, i2, i3} = {3, 4, 5}, {j1, j2} = {4, 5}
11. aij = |2i− j| − i, {i1, i2, i3} = {1, 2, 3}, {j1, j2} = {4, 5}
12. aij = |3i− 2j| − 2i, {i1, i2, i3} = {1, 2, 4}, {j1, j2} = {3, 5}
13. aij = resi+1j, {i1, i2, i3} = {1, 2, 5}, {j1, j2} = {3, 4}
14. aij = resj+1i, {i1, i2, i3} = {1, 3, 4}, {j1, j2} = {2, 5}
15. aij = resi+1(2j), {i1, i2, i3} = {1, 3, 5}, {j1, j2} = {2, 4}
16. aij = resj+1(2i), {i1, i2, i3} = {1, 4, 5}, {j1, j2} = {2, 3}
17. aij = resi+1(i+ j), {i1, i2, i3} = {2, 3, 4}, {j1, j2} = {1, 5}
18. aij = resj+1(i+ j), {i1, i2, i3} = {2, 3, 5}, {j1, j2} = {1, 4}
19. aij = resi+2(3j), {i1, i2, i3} = {2, 4, 5}, {j1, j2} = {1, 3}
20. aij = resj+2(3i), {i1, i2, i3} = {3, 4, 5}, {j1, j2} = {1, 2}
21. aij = 2(i+ j), {i1, i2, i3} = {1, 2, 3}, {j1, j2} = {2, 3}
22. aij = 2(i− j), {i1, i2, i3} = {1, 2, 4}, {j1, j2} = {2, 4}
23. aij = resi+1(ij), {i1, i2, i3} = {1, 2, 5}, {j1, j2} = {2, 5}
24. aij = resj+1(ij), {i1, i2, i3} = {1, 3, 4}, {j1, j2} = {3, 4}
25. aij = ij − i− j, {i1, i2, i3} = {1, 3, 5}, {j1, j2} = {3, 5}
26. aij = (i− j)2, {i1, i2, i3} = {1, 4, 5}, {j1, j2} = {4, 5}
27. aij = i2 − ij, {i1, i2, i3} = {2, 3, 4}, {j1, j2} = {1, 2}
28. aij = j2 − ij, {i1, i2, i3} = {2, 3, 5}, {j1, j2} = {1, 3}
29. aij = i2 − j2, {i1, i2, i3} = {2, 4, 5}, {j1, j2} = {1, 4}
30. aij =

(
j−1
i

)
, {i1, i2, i3} = {3, 4, 5}, {j1, j2} = {1, 5}
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12 Êîíòðîëüíàÿ ðàáîòà 12

Äëÿ çàäàííîé ñèñòåìû ìàòðèö:
a) Íàéòè ðàíã è êàêóþ-íèáóäü áàçó; ìàòðèöû, íå âõîäÿùèå â áàçó,

âûðàçèòü ÷åðåç áàçó
b) Íàéòè ðàçìåðíîñòü è áàçèñ ëèíåéíîé îáîëî÷êè äàííîé ñèñòå-

ìû.

1.

(
5 1
0 −2

)
,

(
3 −3
−4 3

)
,

(
2 −4
0 5

)
,

(
6 2
−4 −4

)
2.

(
1 4
3 2

)
,

(
1 3
2 0

)
,

(
3 4
1 −3

)
,

(
−1 3
4 5

)
3.

(
2 −5
−4 4

)
,

(
−2 2
−2 4

)
,

(
1 6
−1 3

)
,

(
−1 −9
−5 5

)
4.

(
7 −2
5 3

)
,

(
0 7
−3 5

)
,

(
6 5
2 4

)
,

(
1 0
0 4

)
5.

(
−3 4
6 −1

)
,

(
7 −2
−5 4

)
,

(
4 5
5 4

)
,

(
0 −3
−4 −1

)
6.

(
6 −3
7 5

)
,

(
2 6
−1 −4

)
,

(
−3 5
1 −3

)
,

(
7 −7
16 11

)
7.

(
3 −5
−3 −5

)
,

(
1 −4
7 −3

)
,

(
−2 5
7 0

)
,

(
3 −1
−6 −7

)
8.

(
1 0
−5 0

)
,

(
6 0
−5 2

)
,

(
−1 6
−4 5

)
,

(
−5 6
−9 3

)
9.

(
4 5
5 1

)
,

(
5 −5
−5 −1

)
,

(
0 −2
−5 −4

)
,

(
3 13

10 −1

)
10.

(
−1 2
7 1

)
,

(
5 0
2 7

)
,

(
−2 −3
−5 2

)
,

(
−9 1
7 −3

)
11.

(
4 −3 −1
3 −5 4

)
,

(
2 6 3
−4 2 5

)
,

(
−4 7 3
2 7 −2

)
,(

−2 −2 −1
9 0 −3

)
12.

(
6 2 4
2 2 −4

)
,

(
4 −4 0
−1 2 3

)
,

(
−4 0 −5
3 −1 7

)
,(

−2 6 −1
6 −1 0

)
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13.

(
1 1 −5
−1 7 3

)
,

(
−2 1 4
−5 0 −5

)
,

(
3 6 7
2 1 2

)
,(

6 6 −2
6 8 10

)
14.

(
−3 −2 7
−3 2 0

)
,

(
−3 −2 5
1 5 3

)
,

(
3 −1 0
−5 5 7

)
,(

3 −1 2
−9 2 4

)
15.

(
1 3 −4
−3 −5 −2

)
,

(
2 3 3
−3 −1 2

)
,

(
−2 4 −2
1 −5 4

)
,(

−3 4 −9
1 −9 0

)
16.

(
4 1 5
4 7 1

)
,

(
6 −1 6
2 1 −3

)
,

(
1 1 2
2 4 −3

)
,(

1 2 2
4 9 8

)
17.

(
1 −5 3
0 6 −1

)
,

(
2 1 5
−1 −4 −3

)
,

(
0 −2 0
−2 6 1

)
,(

0 −9 1
3 10 0

)
18.

(
5 0 5
−5 2 1

)
,

(
3 4 5
−2 0 −4

)
,

(
−2 −4 −2
−5 2 4

)
,(

9 0 7
−3 2 2

)
19.

(
7 6 1
−3 −1 −4

)
,

(
6 7 3
1 −1 −2

)
,

(
6 −5 −1
−5 7 5

)
,(

2 10 0
−2 −8 −11

)
20.

(
0 7 6
7 −1 −4

)
,

(
2 7 4
2 −1 −3

)
,

(
−5 2 −3
7 3 4

)
,(

3 5 11
5 −4 −9

)

21.

 1 0
−1 4
0 −1

 ,

 2 1
−3 5
−5 3

 ,

 −4 −2
3 4
1 5

 ,

 −3 −1
1 5
−4 9


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22.

 −1 −3
−3 −5
7 −4

 ,

 −1 4
−1 1
−4 6

 ,

 2 5
3 −4
4 −5

 ,

 2 12
5 2
−7 5


23.

 4 3
−2 7
1 4

 ,

 5 5
−1 6
6 −4

 ,

 1 1
2 6
−1 1

 ,

 2 3
3 5
4 −7


24.

 7 2
1 −4
6 −5

 ,

 5 7
4 −1
−3 −3

 ,

 3 −3
−5 −4
6 6

 ,

 1 2
−2 −1
−3 8


25.

 −2 −1
−3 0
7 6

 ,

 2 0
2 3
4 1

 ,

 4 −5
1 5
−2 −1

 ,

 8 −4
6 8
−5 −6


26.

 −1 2
4 7
1 4

 ,

 2 0
−2 0
3 6

 ,

 4 1
−5 2
−1 3

 ,

 −1 1
5 5
8 13


27.

 2 −4
2 −5
1 4

 ,

 −2 −3
1 −1
−3 6

 ,

 −4 −2
4 −3
0 6

 ,

 2 −8
0 −4
−5 10


28.

 −2 5
−4 3
3 −3

 ,

 0 3
1 5
4 7

 ,

 5 5
−2 7
2 −2

 ,

 −7 6
0 6
9 13


29.

 −1 5
3 7
1 2

 ,

 3 2
0 −5
2 0

 ,

 2 4
−5 4
3 5

 ,

 3 5
8 −7
2 −3


30.

 6 0
2 5
−1 5

 ,

 −3 −5
−3 2
2 −1

 ,

 6 −4
−4 6
0 −5

 ,

 −6 −6
0 3
3 8


13 Êîíòðîëüíàÿ ðàáîòà 13

a) Äîêàçàòü, ÷òî ñèñòåìà ìàòðèö A = {A1, A2, A3, A4} îáðàçóåò
áàçèñ âåùåñòâåííîãî ïðîñòðàíñòâà ìàòðèö âòîðîãî ïîðÿäêà.

b) Íàéòè êîîðäèíàòû ìàòðèöû B â ýòîì áàçèñå.
ñ) Íàéòè ìàòðèöó ïåðåõîäà îò áàçèñà A ê ñòàíäàðòíîìó áàçèñó.
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1. A1 =

(
1 4
−1 3

)
, A2 =

(
1 −3
0 0

)
, A3 =

(
−2 4
2 −1

)
,

A4 =

(
−1 0
−2 −1

)
, B =

(
−1 5
−1 1

)
2. A1 =

(
5 3
5 5

)
, A2 =

(
−2 −1
4 3

)
, A3 =

(
−1 0
2 −3

)
,

A4 =

(
5 3
−2 −3

)
, B =

(
7 5
9 2

)
3. A1 =

(
−1 −2
−3 3

)
, A2 =

(
−3 −2
3 0

)
, A3 =

(
−3 0
5 −2

)
,

A4 =

(
0 2
−3 1

)
, B =

(
−7 −2
2 2

)
4. A1 =

(
4 2
0 5

)
, A2 =

(
−3 5
4 4

)
, A3 =

(
1 2
−2 2

)
,

A4 =

(
−1 1
5 2

)
, B =

(
1 10
7 13

)
5. A1 =

(
0 2
−1 −1

)
, A2 =

(
−2 −3
−1 0

)
, A3 =

(
1 0
2 −2

)
,

A4 =

(
0 −3
1 3

)
, B =

(
−1 −4
1 0

)
6. A1 =

(
1 −3
1 5

)
, A2 =

(
5 3
3 2

)
, A3 =

(
3 4
1 −2

)
,

A4 =

(
0 −3
−1 3

)
, B =

(
3 −1
4 6

)
7. A1 =

(
−2 3
−2 −1

)
, A2 =

(
2 −2
1 1

)
, A3 =

(
4 −3
1 0

)
,

A4 =

(
5 0
−2 −1

)
, B =

(
−9 4
0 1

)
8. A1 =

(
0 4
0 −1

)
, A2 =

(
5 −2
0 5

)
, A3 =

(
2 −1
−1 −1

)
,

A4 =

(
−3 −2
2 4

)
, B =

(
6 5
−1 1

)
9. A1 =

(
2 −2
−3 3

)
, A2 =

(
−1 2
2 −3

)
, A3 =

(
4 2
1 0

)
,
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A4 =

(
5 −2
−3 5

)
, B =

(
−8 0
1 −5

)
10. A1 =

(
−2 1
0 −3

)
, A2 =

(
3 −2
5 −1

)
, A3 =

(
5 −3
4 3

)
,

A4 =

(
−2 3
1 −1

)
, B =

(
−2 −1
0 −6

)
11. A1 =

(
−3 −3
2 1

)
, A2 =

(
4 −3
−2 3

)
, A3 =

(
1 −2
4 −1

)
,

A4 =

(
2 −1
1 0

)
, B =

(
−8 −1
7 −3

)
12. A1 =

(
−1 3
5 1

)
, A2 =

(
5 1
3 −3

)
, A3 =

(
−3 −1
4 2

)
,

A4 =

(
2 1
5 −1

)
, B =

(
−11 0

1 7

)
13. A1 =

(
3 −1
5 3

)
, A2 =

(
1 3
5 4

)
, A3 =

(
2 2
0 −3

)
,

A4 =

(
0 −2
−3 −3

)
, B =

(
4 0
3 −1

)
14. A1 =

(
0 −2
1 4

)
, A2 =

(
0 1
0 5

)
, A3 =

(
−3 −3
5 −3

)
,

A4 =

(
−1 −2
2 −1

)
, B =

(
−2 −4
4 −3

)
15. A1 =

(
0 1
1 −1

)
, A2 =

(
1 4
5 3

)
, A3 =

(
−1 2
−3 2

)
,

A4 =

(
1 1
4 1

)
, B =

(
−3 −2
−11 −3

)
16. A1 =

(
1 0
−1 4

)
, A2 =

(
5 3
−2 4

)
, A3 =

(
3 2
−1 1

)
,

A4 =

(
2 3
0 3

)
, B =

(
−8 −8
1 0

)
17. A1 =

(
−3 5
5 −3

)
, A2 =

(
4 −2
4 0

)
, A3 =

(
−2 4
2 −1

)
,

A4 =

(
−1 4
−2 2

)
, B =

(
−7 4
6 −7

)
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18. A1 =

(
3 1
2 0

)
, A2 =

(
3 2
4 1

)
, A3 =

(
−3 0
−2 0

)
,

A4 =

(
−1 −3
1 1

)
, B =

(
7 3
1 −2

)
19. A1 =

(
0 5
−2 −1

)
, A2 =

(
4 4
2 −1

)
, A3 =

(
2 2
−1 0

)
,

A4 =

(
0 1
3 −1

)
, B =

(
−6 3
−8 0

)
20. A1 =

(
2 3
0 0

)
, A2 =

(
1 4
−2 2

)
, A3 =

(
0 1
0 3

)
,

A4 =

(
−1 2
−3 2

)
, B =

(
4 −1
5 −7

)
21. A1 =

(
0 −1
3 2

)
, A2 =

(
0 −3
−2 5

)
, A3 =

(
1 −2
−3 3

)
,

A4 =

(
1 1
−2 −2

)
, B =

(
−1 −2
3 4

)
22. A1 =

(
0 0
1 4

)
, A2 =

(
−1 0
0 5

)
, A3 =

(
−3 −1
3 4

)
,

A4 =

(
3 1
−3 −2

)
, B =

(
7 3
−8 4

)
23. A1 =

(
2 1
2 2

)
, A2 =

(
−3 −2
−3 −3

)
, A3 =

(
−1 −2
4 −2

)
,

A4 =

(
1 −2
5 0

)
, B =

(
−1 −1
−7 0

)
24. A1 =

(
−1 0
−1 5

)
, A2 =

(
−1 4
1 4

)
, A3 =

(
3 1
4 4

)
,

A4 =

(
0 4
2 0

)
, B =

(
−9 10
−5 5

)
25. A1 =

(
2 0
2 1

)
, A2 =

(
0 −2
−1 −1

)
, A3 =

(
1 0
0 0

)
,

A4 =

(
0 3
4 3

)
, B =

(
0 −1
4 2

)
26. A1 =

(
−3 4
−1 5

)
, A2 =

(
−1 5
1 −3

)
, A3 =

(
−3 4
3 3

)
,
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A4 =

(
−2 5
−1 1

)
, B =

(
−1 0
−6 6

)
27. A1 =

(
1 3
5 −2

)
, A2 =

(
4 3
3 −1

)
, A3 =

(
−3 1
4 −2

)
,

A4 =

(
−2 −2
−3 1

)
, B =

(
−2 −3
−5 2

)
28. A1 =

(
−2 0
−1 2

)
, A2 =

(
−1 −2
0 3

)
, A3 =

(
0 3
4 0

)
,

A4 =

(
−2 1
2 3

)
, B =

(
−3 0
−3 2

)
29. A1 =

(
3 −1
0 1

)
, A2 =

(
1 1
3 4

)
, A3 =

(
−3 1
1 0

)
,

A4 =

(
0 3
1 2

)
, B =

(
5 0
−3 −1

)
30. A1 =

(
1 5
3 0

)
, A2 =

(
−1 −1
5 3

)
, A3 =

(
3 2
3 0

)
,

A4 =

(
3 2
5 1

)
, B =

(
2 6
0 −2

)

14 Êîíòðîëüíàÿ ðàáîòà 14

Äëÿ çàäàííîé ñèñòåìû ìíîãî÷ëåíîâ:
a) Íàéòè ðàíã è êàêóþ-íèáóäü áàçó
b) Ìíîãî÷ëåíû, íå âõîäÿùèå â áàçó, âûðàçèòü ÷åðåç áàçó
c) Íàéòè ðàçìåðíîñòü è áàçèñ ëèíåéíîé îáîëî÷êè äàííîé ñèñòåìû

ìíîãî÷ëåíîâ.

1. f1 = −3 − t + 5t2 + 6t3, f2 = 4 − 5t + 3t2 − 3t3, f3 = −10 + 3t +
7t2 + 15t3, f4 = 5− 11t+ 11t2

2. f1 = −t + 4t2 + t3, f2 = t − 5t2 − 2t3, f3 = −3t + 13t2 + 4t3,
f4 = t− 6t2 − 3t3

3. f1 = 1 + 3t − 3t2 − 3t3, f2 = 2 + 2t − 3t3, f3 = 4t − 6t2 − 3t3,
f4 = 5 + 7t− 3t2 − 9t3

4. f1 = 1− 3t+ 3t2, f2 = −1 + 3t+ t2 − 2t3, f3 = 3− 9t+ 5t2 + 2t3,
f4 = −1 + 3t+ 5t2 − 4t3
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5. f1 = 2 + t − t2, f2 = −2 + 2t + 2t2 + t3, f3 = 6 − 4t2 − t3, f4 =
−2 + 5t+ 3t2 + 2t3

6. f1 = 2+5t+5t2+3t3, f2 = 1+2t+4t2+3t3, f3 = 3+8t+6t2+3t3,
f4 = 4 + 9t+ 13t2 + 9t3

7. f1 = 2 + t + 2t2 + 4t3, f2 = 2 + 4t + 4t2 + t3, f3 = 2 − 2t + 7t3,
f4 = 6 + 9t+ 10t2 + 6t3

8. f1 = 3 + 5t + 2t2 + t3, f2 = 1 + t + 4t2 + 3t3, f3 = 5 + 9t − t3,
f4 = 5 + 7t+ 10t2 + 7t3

9. f1 = 1+ t+5t2+3t3, f2 = 5+4t+ t2+ t3, f3 = −3−2t+9t2+5t3,
f4 = 11 + 9t+ 7t2 + 5t3

10. f1 = 2 + 3t + 2t2 + 4t3, f2 = 4 + t + 4t2 + 2t3, f3 = 5t + 6t3,
f4 = 10 + 5t+ 10t2 + 8t3

11. f1 = 2 + 4t + t2 − t3, f2 = 2 − t + 3t3, f3 = 3 − 3t − 2t2 + 3t3,
f4 = 3 + 2t− t2 − t3

12. f1 = 2 + t + 3t3, f2 = 4 + 4t − 3t2 − t3, f3 = 4 − 2t + t3, f4 =
2− 5t+ 3t2 + 5t3

13. f1 = 2 + 5t + 5t2 − t3, f2 = 1 − t − 3t2 + 4t3, f3 = 2t − 3t2 + 4t3,
f4 = 1 + 8t+ 5t2 − t3

14. f1 = −3+ 2t+ t2− t3, f2 = −2− 3t2 +5t3, f3 = 2+ 5t+4t2 +5t3,
f4 = 1 + 7t+ 8t2 − t3

15. f1 = −2+5t+3t2+3t3, f2 = −2+3t+4t2+2t3, f3 = 3−t+2t2+3t3,
f4 = 3 + t+ t2 + 4t3

16. f1 = t2 + t3, f2 = −2 + 2t + 4t2 − 3t3, f3 = −3 + 2t + t2 − 2t3,
f4 = 1 + 4t2

17. f1 = 3 + 2t2 + 5t3, f2 = 3t + 5t2 + 5t3, f3 = 1 − 3t + 3t2 + 4t3,
f4 = 2 + 6t+ 4t2 + 6t3

18. f1 = −2 − t + 4t2, f2 = 3 + 4t − 2t2 − 3t3, f3 = 5 + t + 2t2 + 4t3,
f4 = −4 + 2t− 7t3

19. f1 = 4 − t3, f2 = 2 + 2t − t2 − 3t3, f3 = 4 + 4t + 2t2 + 4t3,
f4 = 2− 2t− 3t2 − 8t3

20. f1 = −1− 3t− 3t2+4t3, f2 = 2+ t+4t2− t3, f3 = −2t+4t2+5t3,
f4 = 1− 3t2 − 2t3

21. f1 = 5+2t+4t3, f2 = t+t3, f3 = 4+2t+t2+5t3, f4 = 6+t−t2+2t3

22. f1 = t3, f2 = 1+4t+5t2+3t3, f3 = 2+4t+2t2, f4 = −3−8t−7t2−t3
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23. f1 = 2+ 4t+ t2 +3t3, f2 = 2+ t+4t2 + t3, f3 = 4+ 2t+2t2 +4t3,
f4 = −2 + 5t− 4t2 + t3

24. f1 = 2+2t+5t2+2t3, f2 = 4+4t2+3t3, f3 = t+3t2, f4 = 3t+3t2+t3

25. f1 = 3 + t + 2t2 + t3, f2 = 3 + 2t2 + 5t3, f3 = 1 + t + 3t2 + 5t3,
f4 = 2 + t− t2 − 8t3

26. f1 = 3 + 2t − t2 − t3, f2 = 1 + 3t + t2 − t3, f3 = 2 + t − t2 + 2t3,
f4 = −3 + 3t+ 4t2 − 3t3

27. f1 = 4− 3t+2t2 +2t3, f2 = 3+ 4t+3t2 + t3, f3 = 4− t+2t2 − t3,
f4 = −2 + 12t+ 2t2 + t3

28. f1 = 4 + t − 2t2 + 4t3, f2 = 3 + 2t2 + t3, f3 = 5t + t2, f4 =
2− 6t+ 5t2 − 2t3

29. f1 = 5+t−2t2+4t3, f2 = 2+t+5t3, f3 = 1+t−t3, f4 = −2+2t2+7t3

30. f1 = 4+ 3t− t2 − 2t3, f2 = 3+ 5t+5t2 + t3, f3 = 3+ 5t+4t2 + t3,
f4 = −1 + 2t+ 7t2 + 3t3

15 Êîíòðîëüíàÿ ðàáîòà 15

Ïóñòü W1 = L(f1, f2) è W2 = L(g1, g2) � ïîäïðîñòðàíñòâà ïðî-
ñòðàíñòâà R≤3[t] ìíîãî÷ëåíîâ ñòåïåíè íå âûøå 3.

a) Äîêàçàòü, ÷òî R≤3[t] åñòü ïðÿìàÿ ñóììà W1 è W2.
b) Íàéòè ïðîåêöèþ âåêòîðà h íà W1 ïàðàëëåëüíî W2.
c) Íàéòè ïðîåêöèþ âåêòîðà h íà W2 ïàðàëëåëüíî W1.

1. f1 = 5 − 3t + t2, f2 = 4 + 3t − 5t3, g1 = 4 − t + t2 + 3t3, g2 =
5 + 3t− 4t2 − t3, h = −16t+ 11t2 + 10t3

2. f1 = 3 + 2t− 2t2 − 2t3, f2 = −2 + 2t2 − 2t3, g1 = 4 + t− t2 + 2t3,
g2 = 5 + 3t− 4t2 − t3, h = 10 + 7t− 11t2 − 2t3

3. f1 = 3+ 5t+ 4t3, f2 = −4 + 5t− 3t2 − 3t3, g1 = 4+ 3t− 4t2 − 5t3,
g2 = 4− 3t− 2t2 + 2t3, h = 6 + 14t+ 3t2 + 2t3

4. f1 = −2 − 5t2 + 5t3, f2 = 1 − t − 2t3, g1 = −1 − 3t + t2 + 3t3,
g2 = 2t− 3t2 − t3, h = −6− 6t− 3t2 + 17t3

5. f1 = 3 + 2t + t3, f2 = 3 − 5t + t2 − 5t3, g1 = −1 − 2t + 4t2 − 5t3,
g2 = 3 + 5t+ 5t2 + 3t3, h = −4− 3t− 7t2 − 4t3

6. f1 = −1− 3t2 +2t3, f2 = −2+ 5t+2t2− t3, g1 = 3− 3t− t2 +5t3,
g2 = 2− 3t+ 4t2 + t3, h = −1− 2t− 17t2 + 8t3
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7. f1 = −2−3t−3t2+2t3, f2 = −2−4t2+2t3, g1 = −1+4t+4t2+t3,
g2 = 4t+ 4t2 + 2t3, h = −3− 10t− 6t2 − t3

8. f1 = 3 + 2t− 2t2 − 2t3, f2 = −2 + 2t2 − 2t3, g1 = 4 + t− t2 + 2t3,
g2 = 1− t+ 2t2 + t3, h = 10 + 7t− 11t2 − 2t3

9. f1 = −2 − 5t2 + 5t3, f2 = 1 − t − 2t3, g1 = −1 − 3t + t2 + 3t3,
g2 = 2t− 3t2 − t3, h = −6− 6t− 3t2 + 17t3

10. f1 = 4− t+ t2+3t3, f2 = −3+4t+ t2+ t3, g1 = −3+ t+5t2− 2t3,
g2 = 2− t+ t2 + 2t3, h = 4− 3t+ 4t2 − t3

11. f1 = −1 − t + 2t2 + 4t3, f2 = −1 − t + t2 + t3, g1 = 2 + 3t2,
g2 = −3 + 2t+ 5t2 + 3t3, h = 6− t− 2t2 − t3

12. f1 = 3 − t + 5t2 − 5t3, f2 = 1 − 2t + 4t2 − 2t3, g1 = 2 − 5t − 2t2,
g2 = −1 + t+ t2 − 4t3, h = 4− 3t− 6t2 + 3t3

13. f1 = 4+3t+3t2 +3t3, f2 = 2− 3t− 2t2 + t3, g1 = −5t− 5t2− 3t3,
g2 = −1 + 4t2 + t3, h = 1 + 4t− 2t2 − 3t3

14. f1 = 1 − 5t − 2t2 + t3, f2 = −4 + t − 3t2 + t3, g1 = 5t3, g2 =
−2− t− 2t2 − t3, h = 11− 6t+ 6t2 + 5t3

15. f1 = 4+ 3t+ 5t2 + t3, f2 = −5 + t+ 3t2 + 5t3, g1 = −3 + 2t+ 5t3,
g2 = 2− 3t− t2 − 4t3, h = 9 + 6t

16. f1 = 5−2t−5t2+3t3, f2 = 4−2t−3t2+5t3, g1 = −4+5t+2t2+4t3,
g2 = −3− 5t2 + 4t3, h = −4 + 7t+ 8t2 − 7t3

17. f1 = −5 − 3t2 + 2t3, f2 = −3 + 5t − 4t2, g1 = 4 + 5t − 2t2 − t3,
g2 = −4t− 4t2, h = 5− t+ 7t2 + t3

18. f1 = 2− t− 2t2− 2t3, f2 = 4+ t− 3t2+5t3, g1 = 2− 3t+2t2+2t3,
g2 = −4− 5t− 3t2 − 4t3, h = −t+ 9t2 − 6t3

19. f1 = −5− 2t+ 4t2 + 4t3, f2 = −2 + 4t+ t3, g1 = 1+ 2t+ t2 + 2t3,
g2 = 2t+ t3, h = −10t+ 5t2 + 3t3

20. f1 = 3 + 4t + 5t2, f2 = 1 + 3t − t2, g1 = −4 − 4t − 3t2 − 4t3,
g2 = −4 + 3t2 − 2t3, h = 1− 6t+ t2 − 2t3

21. f1 = −2− t+ 4t2 − 5t3, f2 = 2t− t2 − 3t3, g1 = 5 + 6t+ 6t2 − t3,
g2 = 2 + t− 3t2 − 2t3, h = 5 + 4t+ 8t2 − 5t3

22. f1 = 2 + t2 − t3, f2 = −4− 2t+ t2 − 4t3, g1 = −4 + t− 2t2 − 4t3,
g2 = 1− t− 2t2 + 6t3, h = 3 + 2t− 4t2 + 5t3

23. f1 = −3t + 4t2 − 2t3, f2 = −5 + 6t + 2t3, g1 = 1 + 6t − 3t2 + 3t3,
g2 = −4− t− 4t2 − t3, h = 2− 4t− 3t2 − 2t3
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24. f1 = 5t − t2 + 4t3, f2 = 6 + 4t + 5t2 + 2t3, g1 = −2 − 3t + 2t3,
g2 = 4t− 5t2 + 3t3, h = −8 + 2t− 11t2 + 7t3

25. f1 = 6+ t+5t2− 3t3, f2 = −3+ 5t+3t2 +6t3, g1 = 3t+3t2− 5t3,
g2 = −1− 5t− 5t2 + 4t3, h = 8− 6t− 10t3

26. f1 = 2 + t + 6t2 − 2t3, f2 = −3 + t − t3, g1 = −5 − t + 6t2 + t3,
g2 = 4 + 2t+ 3t2 − 4t3, h = 4 + t+ 15t2 − 4t3

27. f1 = −1−5t+5t2+4t3, f2 = −2+5t+4t2−4t3, g1 = 3+5t+4t2+6t3,
g2 = 2− t− t2 + 6t3, h = 6− 6t+ 4t2 + 20t3

28. f1 = −2 + t− t2 + 2t3, f2 = −1− 4t+ t3, g1 = −2 + 2t+ t2 − 2t3,
g2 = −4t+ 4t2 − 4t3, h = −3 + 3t+ 4t2 − 5t3

29. f1 = 5t − 2t3, f2 = −5 + 2t + 2t2 + 3t3, g1 = 6 − t − 5t2 + 5t3,
g2 = −2 + t+ 4t2 − 5t3, h = 9 + 3t− 3t2 − 5t3

30. f1 = 1−4t−5t2−5t3, f2 = −3+ t+2t2+ t3, g1 = 2− t+3t2−4t3,
g2 = 1 + 6t− 2t2 + t3, h = 7− 6t2 − 9t3
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