
ÎÁÇÎÐÍÀß ËÅÊÖÈß ÏÎ ÊÓÐÑÓ

¾ÃÅÎÌÅÒÐÈß È ÀËÃÅÁÐÀ¿

Çîëîòûõ Íèêîëàé Þðüåâè÷

1. Ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé (ÑËÀÓ) è ëèíåéíûå ìíîãîîáðàçèÿ

1.1. Ëèíåéíûå ìíîãîîáðàçèÿ.

Îáîçíà÷åíèå 1. A ∈ Fm×n � ìàòðèöà èç m ñòðîê è n ñòîëáöîâ,
ñ ýëåìåíàìè èç ïîëÿ F , r = rank(A|b)

Îáîçíà÷åíèå 2. L(C1, C2, . . . , Cs) � âûïóêëàÿ îáîëî÷êà âåêòîðîâ
C1, C2, . . . , Cs.

Îïðåäåëåíèå 1. {x : Ax = b} = C0 + L(C1, C2, . . . , Cn−r) � ëèíåé-
íîå ìíîãîîáðàçèå

1.2. Ñâÿçü ìíîæåñòâà ðåøåíèé îäíîðîäíîé è íåîäíîðîä-

íîé ÑËÀÓ.

Îïðåäåëåíèå 2. {x : Ax = 0} = L(C1, C2, . . . , Cn−r) � íåñóùåå
ïîäïðîñòðàíñòâî ñîîòâåòñòâóþùåé íåîäíîðîäíîé ÑËÀÓ.

Ëåììà 1. {x : Ax = b} = C0 +L(C1, C2, . . . , Cn−r) , ãäå C0 � ÷àñò-
íîå ðåøåíèå íåîäíîðîäíîé ÑËÀÓ.

1.3. Ðåøåíèå ÑËÀÓ.

Çàäà÷à 1. Íàéòè îáùåå ðåøåíèå ñèñòåìû ëèíåéíûõ óðàâíåíèé.
x1 + 5x2 + 2x3 + 3x4 = −1
2x1 + 7x2 + 2x3 + 7x4 = 2

x1 + 8x2 + 4x3 + 2x4 = −5
Ðåøåíèå. Ìåòîäîì Ãàóññà ñèñòåìà ïðèâîäèòñÿ ê óïðîùåííîìó âè-
äó: 1 5 2 3 −1

2 7 2 7 2
1 8 4 2 −5

 (2)−2·(1),(3)−(1)−−−−−−−−−−→

1 5 2 3 −1
0 −3 −2 1 4
0 3 2 −1 −4

 ��(3)−→

→
(
1 5 2 3 −1
0 −3 −2 1 4

)
(1)−3·(2)−−−−−→

(
1 14 8 0 −13
0 −3 −2 1 4

)
Date: 2011 ãîä.

Êîíñïåêò: Êóêàåâà Ñâåòëàíà

Âåðñòêà: Íîñîâ Ñåðãåé.
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Ñîîòâåòñòâóþùàÿ óïðîùåííîé ìàòðèöå ñèñòåìà:{
x1 +14x2 + 8x3 = −13
−3x2 − 2x3 + x4 = 4

x1, x4 � áàçèñíûå ïåðåìåííûå, âûðàæàåì èõ ÷åðåç îñòàâøèåñÿ:
x1 = −13− 14t1 − 8t2
x2 = t1

x3 = t2

x4 = 4 + 3t1 + 2t2

Ïîäñòàâèâ t1 = 0, t2 = 0, ïîëó÷èì îäíî èç ÷àñòíûõ ðåøåíèé ñè-
ñòåìû:

x∗ =


−13
0
0
4


Îáùåå ðåøåíèå çàïèøåòñÿ â âèäå:

x =


−13
0
0
4

+


−14
1
0
3

 t1 +


−8
0
1
2

 t2 �

Òåîðåìà 2 (Êðîíåêåð-Êàïåëëè).

{x : Ax = b} 6= ∅ ⇔ rank(A|b) = rank(A)

Çàìå÷àíèå 1.1. Â ðàññìîòðåííîé çàäà÷å

rank(A|b) = rank(A) = 2

1.4. Ïîëó÷åíèå ÑËÀÓ, çàäàþùåå ëèíåéíîå ìíîãîîáðàçèå.

Çàäà÷à 2. Çàïèñàòü â âèäå ìíîæåñòâà ðåøåíèé ÑËÀÓ ëèíåéíóþ
îáîëî÷êó âåêòîðîâ

C1 =


1
1
1
1

 , C2 =


1
1
−1
0


Ðåøåíèå. 

1 1 x1
1 1 x2
1 −1 x3
1 0 x4

→

1 1 x1
0 0 x2 − x1
0 −2 x3 − x1
0 −1 x4 − x1

→

→


1 1 x1
0 1 x1 − x4
0 0 x2 − x1
0 0 x1 + x3 − 2x4


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Äëÿ âûïîëíåíèÿ óñëîâèÿ òåîðåìû 2 íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû {

x1 − x2 = 0

x1 + x3 − 2x4 = 0

Ýòî è åñòü èñêîìàÿ ñèñòåìà. �

Çàäà÷à 3. Çàäàòü êàê ìíîæåñòâî ðåøåíèé íåîäíîðîäíîé ÑËÀÓ
ëèíåéíîå ìíîãîîáðàçèå M = C0 + L(C1, C2)

C0 =


1
−1
2
0

 ,

Ðåøåíèå. Ïîäñòàâèâ âåêòîð C0 â ñèñòåìó{
x1 − x2 = 0

x1 + x3 − 2x4 = 0

ïîëó÷èì âåêòîð bT = (2, 3).

M = C0 + L(C1, C2) =
{
x :

{
x1 − x2 = 2

x1 + x3 − 2x4 = 3

}
�

Çàäà÷à 4. Óñëîâèå òàêîå æå, êàê â çàäà÷å 2

C1 =


1
5
2
3

 , C2 =


2
7
2
7

C3 =


1
8
4
2


Ðåøåíèå (àëüòåðíàòèâíûé ñïîñîá). Âñïîìîãàòåëüíàÿ ñèñòåìà, çà-
äàþùàÿ ïîäïðîñòðàíñòâî W:

x1 + 5x2 + 2x3 + 3x4 = 0

2x1 + 7x2 + 2x3 + 7x4 = 0

x1 + 8x2 + 4x3 + 2x4 = 0

Ïóñòü L = L(C1, C2, C3), òîãäà çàìåòèì, ÷òî W = L⊥, ò.å. W�
îðòîãîíàëüíîå äîïîëíåíèå L.
Áàçèñ W áûë íàéäåí â çàäà÷å 1:

w1 =


−14
1
0
3

 , w2 =


−8
0
1
2


Èñêîìàÿ ñèñòåìà çàïèøåòñÿ â âèäå:{

−14x1 + x2 + 3x4 = 0

−8x1 + x3 + 2x4 = 0
�
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2. Ëèíåéíûå ïðåîáðàçîâàíèÿ

2.1. Îïðåäåëåíèÿ è îáîçíà÷åíèÿ.

Îáîçíà÷åíèå 3. Ïóñòü V � ëèíåéíîå ïðîñòðàíñòâî íàä ïîëåì F .

Îïðåäåëåíèå 3. Ïðåîáðàçîâàíèå ϕ : V ×V íàçûâàåòñÿ ëèíåéíûì,
åñëè è òîëüêî åñëè

(1) ∀x, y ∈ V : ϕ(x+ y) = ϕx+ ϕy
(2) ∀α ∈ F, ∀x ∈ V : ϕ(αx) = αϕx

Îáîçíà÷åíèå 4. Ïóñòü < e1, e2, . . . , en > � áàçèñ V .

Îáîçíà÷åíèå 5. Ìîæíî íàéòè ϕej = α1je1 + α2je2 + · · · + αnjen,
äëÿ j = 1, n è çàïèñàòü ðåçóëüòàò â ìàòðèöó.

[ϕ]e = A =

α11 · · · α1n
...

...
αn1 · · · αnn


Ñòîëáåö ñ íîìåðîì j ýòîé ìàòðèöû ðàâåí [ϕej]e.

Ëåììà 3.

[ϕx]e = [ϕ]e[x]e

2.2. Ïåðåõîä îò îäíîãî áàçèñà ê äðóãîìó.

Îïðåäåëåíèå 4. Ïóñòü â V çàäàíû 2 áàçèñà � e è e′.

e′j = β1je1 + β2je2 + · · ·+ βnjen

Òîãäà ìàòðèöà

[e′]e =

β11 · · · β1n
...

...
βn1 · · · βnn


íàçûâàåòñÿ ìàòðèöåé ïåðåõîäà èç áàçèñà e â áàçèñ e′.

Ëåììà 4.

[x]e = [e′]e[x]e′

Ëåììà 5.

[ϕ]e′ = [e′]−1e [ϕ]e[e
′]e

[ϕ]e′� ìàòðèöà ïðåîáðàçîâàíèÿ â íîâîì áàçèñå

[ϕ]e� ìàòðèöà ïðåîáðàçîâàíèÿ â ñòàðîì áàçèñå

[e′]e� ìàòðèöà ïåðåõîäà èç ñòàðîãî áàçèñà â íîâûé
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Çàäà÷à 5. Ëèíåéíîå ïðåîáðàçîâàíèå ïåðåâîäèò âåêòîðà

a1 =

1
1
1

 , a2 =

1
2
0

 , a3 =

 1
0
−1

 ,

ñîîòâåòñòâåííî â âåêòîðà

b1 =

3
5
0

 , b2 =

 3
6
−1

 , b3 =

−3−2
1

 .

Íàéòè ìàòðèöó ýòîãî ïðåîáðàçîâàíèÿ

(1) â ñòàíäàðòíîì áàçèñå
(2) â áàçèñå < a1, a2, a3 >

Ðåøåíèå.
(1) [ϕ]e = X 

b1 = Xa1
b2 = Xa2
b3 = Xa3

Ýòó ñèñòåìó ìîæíî ïåðåïèñàòü â ìàòðè÷íîì âèäå:

B = XA

Â íàøåì ñëó÷àå ìàòðèöà A ÿâëÿåòñÿ íåâûðîæäåííîé, à çíà÷èò
X ìîæíî îäíîçíà÷íî íàéòè:

X = BA−1

(
A
B

)
ñòîëáöîâûå ïðåîáðàçîâàíèÿ−−−−−−−−−−−−−−−−→

(
E

BA−1

)


1 1 1
1 2 0
1 0 −1
3 3 −3
5 6 −8
0 −1 1

→

1 0 0

1 1 −1
1 −1 −2
3 0 −6
5 1 −13
0 −1 1

→

1 0 0
0 1 0

2 −1 −3
3 0 −6
4 1 −12
1 −1 0

→


1 0 0
0 1 0
0 0 1
−1 2 2
−4 5 4
1 −1 0


(2) Äëÿ íàõîæäåíèÿ [ϕ]a âîñïîëüçóåìñÿ ôîðìóëîé èç ëåììû 5

[ϕ]a = [a]−1e [ϕ]e[a]e = A−1XA = A−1B �

Çàìå÷àíèå 5.1. Â ïðåäûäóùåé çàäà÷å áûë ïîêàçàí ìåòîä ðåøåíèÿ
ìàòðè÷íîãî óðàâíåíèÿ XA = B
Óðàâíåíèå AX = B ðåøàåòñÿ àíàëîãè÷íî:(

A B
) ñòðî÷å÷åíûå ïðåîáðàçîâàíèÿ−−−−−−−−−−−−−−−−−→

(
E A−1B

)
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Çàäà÷à 6. Ïðåîáðàçîâàíèå òðåõìåðíîãî ïðîñòðàíñòâà çàêëþ÷à-
åòñÿ â ïðîåêòèðîâàíèè íà ïðÿìóþ

x = 2t

y = t

z = −t

ïàðàëëåëüíî ïëîñêîñòè x− 3y − 6z = 0.
Íàéòè ìàòðèöó ýòîãî ïðåîáðàçîâàíèÿ â èñõîäíîì áàçèñå.

Ðåøåíèå. Ìàòðèöó èñêîìîãî ïðåîáðàçîâàíèÿ ëåãêî çàïèñàòü â áà-
çèñå < a1, a2, a3 >, ãäå

[a1]e =

 2
1
−1

 , [a2]e =

3
1
0

 , [a3]e =

6
0
1


Â êà÷åñòâå [a2]e, [a3]e ìîæíî âûáðàòü ëþáûå 2 ëèíåéíî íåçàâèñè-

ìûõ âåêòîðà, óäîâëåòâîðÿþùèå óðàâíåíèþ ïëîñêîñòè.
Ïî îïèñàíèþ ïðåîáðàçîâàíèÿ:

ϕa1 = a1 = 1 · a1 + 0 · a2 + 0 · a3
ϕa2 = 0 = 0 · a1 + 0 · a2 + 0 · a3
ϕa3 = 0 = 0 · a1 + 0 · a2 + 0 · a3

[ϕ]a =

1 0 0
0 0 0
0 0 0



[a]e =

 2 3 6
1 1 0
−1 0 1


Âîñïîëüçóåìñÿ ôîðìóëîé èç ëåììû 5

[ϕ]e = [e]−1a [ϕ]a[e]a = [a]e[ϕ]a[a]
−1
e

Âû÷èñëèâ, ïîëó÷àåì:

[ϕ]e =
1

5

 2 6 −12
1 −3 −6
−1 3 6

 �

Çàìå÷àíèå 6.1. Íàéòè âåêòîðà [a2]e, [a3]e ìîæíî ïîäáîðîì, ëèáî
ðåøèâ ÑËÀÓ èç åäèíñòâåííîãî óðàâíåíèÿ, çàäàþùåãî ïëîñêîñòü.
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2.3. Ñîáñòâåííûå ÷èñëà è ñîáñòâåííûå âåêòîðà.

Îïðåäåëåíèå 5. x 6= 0 íàçûâàåòñÿ ñîáñòâåííûì âåêòîðîì ëè-
íåéíîãî ïðåîáðàçîâàíèÿ ϕ, åñëè ϕx = λx, äëÿ íåêîòîðîãî λ ∈ F ,
íàçûâàåìîãî ñîáñòâåííûì ÷èñëîì âåêòîðà x.

Çàìå÷àíèå 6.2. Â çàäà÷å 6 äëÿ ïðåîáðàçîâàíèÿ ϕ âåðíû óòâåð-
æäåíèÿ:

(1) ëþáîé âåêòîð çàäàííîé ïðÿìîé � ñîáñòâåííûé ñ λ = 1
(2) ëþáîé âåêòîð çàäàííîé ïëîñêîñòè � ñîáñòâåííûé ñ λ = 0

Îïðåäåëåíèå 6. Ëèíåéíîå ïðåîáðàçîâàíèå íàçûâàåòñÿ äèàãîíà-
ëèçèðóåìûì, åñëè è òîëüêî åñëè ñóùåñòâóåò áàçèñ, â êîòîðîì
åãî ìàòðèöà äèàãîíàëüíà.

Ëåììà 6.{
ϕx = λx

x 6= 0
⇔

{
([ϕ]− λE)[x] = 0

[x] 6= 0
⇔ det([ϕ]− λE) = 0

Ëåììà 7.

det(A−λE) = (−λ)n+S1(−λ)n−1+S2(−λ)n−2+ · · ·+Sn−1(−λ)1+Sn,

ãäå Sk � ñóììà ãëàâíûõ ìèíîðîâ ïîðÿäêà k.

Çàäà÷à 7. Ëèíåéíîå ïðåîáðàçîâàíèå çàäàíî ìàòðèöåé:

[ϕ]e = A =

 5 −1 2
6 −1 2
−6 2 −2


Âûÿñíèòü äèàãîíàëèçèðóåìî ëè îíî

(1) íàä R
(2) íàä C

Ðåøåíèå.

det(A− λE) =

∣∣∣∣∣∣
5− λ −1 2
6 −1− λ 2
−6 2 −2− λ

∣∣∣∣∣∣ =
= (−λ)3 + S1(−λ)2 + S2(−λ) + S3 =

= −λ3 + 2λ2 − λ+ 2 = (2− λ)(λ2 + 1)

(1) Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò ëèøü îäèí âåùåñòâåí-
íûé êîðåíü, çíà÷èò ïðåîáðàçîâàíèå íå äèàãîíàëèçèðóåìî íàä R.
(2)

λ1 = 2

λ2 = i

λ3 = −i
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Ïîäñòàâëÿåì êàæäîå λ â õàðàêòåðèñòè÷åñêîå óðàâíåíèå è íàõî-
äèì ñîîòâåòñòâóþùèå ñîáñòâåííûå âåêòîðà.

(A− λ1E)x = 0 3 −1 2
6 −3 2
−6 2 −4

x1x2
x3

 =

0
0
0


C1 =

 4
6
−3


Àíàëîãè÷íî,

λ2 = i, C2 =

 1
1− i
−2


λ3 = −i, C3 =

 1
1 + i
−2


Â èòîãå ïîëó÷àåì

[ϕ]C =

2 0 0
0 i 0
0 0 −i

 , [C]e =

 4 1 1
6 1− i 1 + i
−3 −2 −2

 �

Çàìå÷àíèå 7.1. Â ïðåäûäóùåé çàäà÷å êîýôôèöèåíòû S1, S2, S3 ìîã-
ëè áûòü òàêæå âû÷èñëåíû ïî ôîðìóëå, óêàçàííîé â ëåììå 7:

S1 = 5− 1− 2 = 2

S2 =

∣∣∣∣5 −16 −1

∣∣∣∣+ ∣∣∣∣ 5 2
−6 −2

∣∣∣∣+ ∣∣∣∣−1 2
2 −2

∣∣∣∣ = 1

S3 = detA = 2

3. Áèëèíåéíûå ôóíêöèè è êâàäðàòè÷íûå ôîðìû

3.1. Îïðåäåëåíèÿ è îáîçíà÷åíèÿ.

Îïðåäåëåíèå 7. Ôóíêöèÿ f : V ×V → R íàçûâàåòñÿ áèëèíåéíîé,
åñëè è òîëüêî åñëè äëÿ ∀x, y ∈ V è ∀α ∈ R ñïðàâåäëèâî:

(1) f(x+ y, z) = f(x, z) + f(y, z)
(2) f(αx, y) = αf(x, y)
(3) f(x, y + z) = f(x, y) + f(x, z)
(4) f(x, αy) = αf(x, y)

Îïðåäåëåíèå 8. Áèëèíåéíàÿ ôóíêöèÿ f íàçûâàåòñÿ ñèììåòðè÷-
íîé, åñëè è òîëüêî åñëè f(x, y) = f(y, x).
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Îïðåäåëåíèå 9. Ôóíêöèÿ g : V → R íàçûâàåòñÿ êâàäðàòè÷íîé,
åñëè è òîëüêî åñëè ñóùåñòâóåò áèëèíåéíàÿ ôóíêöèÿ f , ÷òî

g(x) = f(x, x)

Îïðåäåëåíèå 10. Ïóñòü < e1, e2, . . . , en > � áàçèñ V .

f(ei, ej) = αij, i, j = 1, n

[f ]e = A = (αij) íàçûâàåòñÿ ìàòðèöåé áèëèíåéíîé ôóíêöèè f â
áàçèñå < e1, e2, . . . , en > .

3.2. Îñíîâíûå ñâîéñòâà.

Ëåììà 8. f(x, y) = [x]Te [f ]e[y]e

Ëåììà 9. f � ñèììåòðè÷íàÿ áèëèíåéíàÿ ôîðìà, åñëè è òîëüêî
åñëè [f ]Te = [f ]e.

3.3. Íàõîæäåíèå ðàçëè÷íûõ áàçèñîâ äëÿ áèëèíåéíûõ ôóíê-
öèé.

Ëåììà 10. Äëÿ ëþáîé áèëèíåéíîé ôóíêöèè f ñóùåñòâóåò ò.í.
íîðìàëüíûé áàçèñ < a1, a2, . . . , an >, â êîòîðîì

[f ]a = diag(1, 1, . . . , 1︸ ︷︷ ︸
s

,−1,−1, . . . ,−1︸ ︷︷ ︸
r−s

, 0, 0, . . . , 0︸ ︷︷ ︸
n−r

), ãäå r = rank[f ]a

Èíà÷å,

f(x, y) =
s∑

i=1

xiyi −
r∑

i=s+1

xiyi

Çàäà÷à 8. Äëÿ çàäàííîé êâàäðàòè÷íîé ôóíêöèè íàéòè íîðìàëü-
íûé áàçèñ

g(x) = x21 + 2x22 + 6x23 + 2x1x2 + 4x1x3 + 2x2x3

Ðåøåíèå. Íàéòè íîðìàëüíûé áàçèñ ìîæíî, âûäåëèâ â ôîðìóëå äëÿ
g ïîëíûå êâàäðàòû:

g(x) = x21 + 2x22 + 6x23 + 2x1x2 + 4x1x3 + 2x2x3 =

= (x1 + x2 + 2x3)
2 + x22 − 2x2x3 + 2x23 =

= (x1 + x2 + 2x3)
2 + (x2 − x3)2 + x23 =

= (x′1)
2 + (x′2)

2 + (x′3)
2

Òàêèì îáðàçîì,x′1x′2
x′3

 =

1 1 2
0 1 −1
0 0 1

x1x2
x3

 = Q

x1x2
x3


�
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Çàìå÷àíèå 8.1. Ìàòðèöà Q â ïðåäûäóùåé çàäà÷å íåâûðîæäåíà,
à çíà÷èò ÿâëÿåòñÿ ìàòðèöåé ïåðåõîäà ìåæäó äâóìÿ áàçèñàìè.

Q = [e]e′ , Q
−1 = [e′]ex1x2

x3

 = Q−1

x′1x′2
x′3


Ëåììà 11. Äëÿ ëþáîé ñèììåòðè÷íîé áèëèíåéíîé (êâàäðàòè÷-
íîé) ôóíêöèè íàéäåòñÿ îðòîíîðìèðîâàííûé áàçèñ, â êîòîðîì å¼
ìàòðèöà äèàãîíàëüíà.

Çàäà÷à 9. Íàéòè îðòîíîðìèðîâàííûé áàçèñ, â êîòîðîì ìàòðèöà
êâàäðàòè÷íîé ôóíêöèè äèàãîíàëüíà.

g(x) = x21 + 4x22 + x23 − 4x1x2 + 2x1x3 − 4x2x3

Ðåøåíèå.

g(x) = x21 + 4x22 + x23 − 4x1x2 + 2x1x3 − 4x2x3

= α11x
2
1 + α22x

2
2 + α33x

2
3 + 2(α12x1x2 + α13x1x3 + α23x2x3)

[g]e = A = (αij) =

 1 −2 1
−2 4 −2
1 −2 1


Íàõîäèì ñîáñòâåííûå ÷èñëà ìàòðèöû A.∣∣∣∣∣∣

1− λ −2 1
−2 4− λ −2
1 −2 1− λ

∣∣∣∣∣∣ = −λ2(λ− 6),
λ1 = 6
λ2,3 = 0

Ñîîòâåòñòâóþùèå èì ñîáñòâåíûå âåêòîðà.

c1 =

 1
−2
1

 , c2 =

 1
0
−1

 , c3 =

1
1
1


Çàìåòèì, ÷òî c1 ⊥ c2, c1 ⊥ c3, ïîñêîëüêó âåêòîðà â êàæäîé ïàðå

ñîîòâåòñòâóþò ðàçíûì ñîáñòâåííûì ÷èñëàì.
Òàêæå c2 ⊥ c3, îäíàêî íå äëÿ ëþáîé ïàðû ñîáñòâåííûõ âåêòî-

ðîâ c2 è c3 ýòî áûëî áû ñïðàâåäëèâî. Ïîýòîìó, åñëè áûëè íàéäåíû
íåîðòîãîíàëüíûå âåêòîðà c2 è c3, èõ íóæíî îðòîãàíàëèçèðîâàòü,
íàïðèìåð, ïðèìåíèâ ïðîöåññ Ãðàìà-Øìèäòà.
Íîðìèðóåì ïîëó÷åííûå âåêòîðû.

c1 =

 1√
6

− 2√
6

1√
6

 , c2 =

 1√
2

0
− 1√

2

 , c3 =

 1√
3
1√
3
1√
3


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Q = [e′]e =

 1√
6

1√
2

1√
3

− 2√
6

0 1√
3

1√
6
− 1√

2
1√
3


B = [A]e =

6 0 0
0 0 0
0 0 0


x1x2
x3

 = Q

x′1x′2
x′3


g(x) = 6(x′1)

2 �

Çàìå÷àíèå 9.1. Â ïðåäûäóùåé çàäà÷å êðîìå ïðîöåññà îðòîãîíà-
ëèçàöèè Ãðàìà-Øìèäòà, äëÿ ïîëó÷åíèÿ îðòîãîíàëüíûõ âåêòîðîâ
c2 è c3, ìîæíî áûëî ïîñòóïèòü ñëåäóþùèì îáðàçîì.

(A− λ2E) = A =

 1 −2 1
−2 4 −2
1 −2 1

 , rankA = 1

{x : Ax = 0} =
{
x :
(
1 −2 1

)
x = 0

}
= L(c2, c3)

Íàéäåì êàêîé-íèáóäü ïîõîäÿùèé âåêòîð � c2 =
(
1 0 −1

)T
.

Âåêòîð c3 =
(
1 1 1

)T
íàéäåì, êàê ðåøåíèå ñèñòåìû{

x1 − 2x2 + 1 = 0

x1 − x3 = 0 (óñëîâèå îðòîãîíàëüíîñòè c2)

Çàìå÷àíèå 9.2. Â ïåðäûäóùåé çàäà÷å ìàòðèöà Q ÿâëÿåòñÿ îð-
òîíîðìèðâàîííîé, ò.å.

QTQ = E,QT = Q−1

Çàäà÷à 10. Ïîâåðõíîñòü âòîðîãî ïîðÿäêà çàäàíà óðàâíåíèåì

x21 + 4x22 + x23 − 4x1x2 + 2x1x3 − 4x2x3 + 2x1 + 6x2 − 2x3 + 4 = 0

Íàéòè ïðÿìîóãîëüíóþ ñèñòåìó êîîðäèíàò, â êîòîðîé ïîâåðõ-
íîñòü èìååò êàíîíè÷åñêèé âèä.

Ðåøåíèå.

x21 + 4x22 + x23 − 4x1x2 + 2x1x3 − 4x2x3︸ ︷︷ ︸
êâàäðàòè÷íàÿ ôîðìà

+2x1 + 6x2 − 2x3︸ ︷︷ ︸
ëèíåéíàÿ ôîðìà

+ 4︸︷︷︸
êîíñòàíòà

= 0

(1) Íàéäåì ñèñòåìó êîîðäèíàò, â êîòîðîé êâàäðàòè÷íàÿ ôîðìà
èìååò êàíîíè÷åñêèé âèä

6(x′1)
2
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(2) Ïîäñòàâëÿåìx1x2
x3

 = Q

x′1x′2
x′3

 =

 1√
6

1√
2

1√
3

− 2√
6

0 1√
3

1√
6
− 1√

2
1√
3

x′1x′2
x′3


6(x′1)

2 − 2
√
6x′1 + 2

√
2x′2 + 2

√
3x′3 + 4 = 0

(3) Âûäåëÿåì ïîëíûé êâàäðàò:

6(x1 −
√
6

6
)2︸ ︷︷ ︸

x′′
1

+2
√
2x′2 + 2

√
3x′3 + 3︸ ︷︷ ︸

−2
√
5x′′

2

= 0


x′′1 = −

√
6
6
+ x′1

x′′2 = − 3
2
√
5
−
√
2√
5
x′2 −

√
3√
5
x′3

x′′3 =
√
3√
5
x′2 −

√
2√
5
x′3

q =

−
√
6
6

− 3
2
√
5

0

Q′ =

1 0 0

0 −
√
2√
5
−
√
3√
5

0
√
3√
5
−
√
2√
5


x′′1x′′2
x′′3

 = q +Q′

x′1x′2
x′3


Ïîÿñíåíèÿ òðåáóþò äâà ìîìåíòà:

(1) Çàìåíà −2
√
5x′′2 áûëà îñóùåñòâëåíà òàê, ÷òîáû ñîîòâåòñòâó-

þùàÿ åé ñòðî÷êà Q′ áûëà íîðìèðîâàííîé
(2) Òðåòüÿ ñòðî÷êà ìàòðèöû Q′ îïðåäåëÿåòñÿ èç óñëîâèé:

(a) îíà äîëæíà áûòü îðòîãîíàëüíà ïåðâûì äâóì ñòðî÷êàì
(b) îíà äîëæíà áûòü íîðìèðîâàííîé

Êàíîíè÷åñêèé âèä óðàâíåíèÿ ïîâåðõíîñòè, â íàøåì ñëó÷àå ÿâ-
ëÿþùåéñÿ ïàðàáîëè÷åñêèì öèëèíäðîì:

(x′′1)
2 =

√
5

3
x′′2 �

Çàäà÷à 11. Ïîêàçàòü, ÷òî ïðÿìûå, çàäàííûå ñâîèìè óðàâíåíèÿ-
ìè, ïåðåñåêàþòñÿ. Íàïèñàòü óðàâíåíèå áèññåêòðèñû òóïîãî óãëà
ìåæäó íèìè.

l1 :

xy
z

 = r1 + a1t =

1
0
0

+

2
2
1

 t

l2 :

xy
z

 = r2 + a2t =

11
6
2

+

8
4
1

 t



ÎÁÇÎÐÍÀß ËÅÊÖÈß ÏÎ ÊÓÐÑÓ ¾ÃÅÎÌÅÒÐÈß È ÀËÃÅÁÐÀ¿ 13

Ïðîâåðèì, ïåðåñåêàþòñÿ ëè ïðÿìûå, äëÿ ýòîãî ðåøèì ÑËÀÓ:
1 + 2t = 11 + 8τ

2t = 6 + 4τ

t = 2 + τ

Ýòà ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå t = 1, τ = −1, çíà-
÷èò ïðÿìûå ïåðåñåêàþòñÿ â òî÷êå

r0 =

3
2
1


Ïîñêîëüêó ñêàëÿðíîå ïðîèçâåäåíèå (a1, a2) > 0, óãîë ìåæäó âåê-

òîðàìè a1 è a2 � îñòðûé. Çíà÷èò òðåáóåòñÿ íàéòè áèññåêòðèñó
óãëà ìåæäó âåêòîðàìè a′1 = a1 è a

′
2 = −a2 ñ îñíîâàíèåì â r0.

Ïîñòðîèì âåêòîðà a′′1 = 3a′1, a
′′
2 = a2 òàê, ÷òîáû èõ íîðìû áûëè

ðàâíû. Òîãäà íåòðóäíî âèäåòü, ÷òî íàïðàâëÿþùèé âåêòîð èñêî-
ìîé áèññåêòðèñû

b = a′′1 + a′′2 =

−22
2


À çíà÷èò åå ìîæíî çàäàòü â âèäå:xy

z

 = r0 +
1

2
bt =

3
2
1

+

−11
1

 t

Çàìå÷àíèå 11.1. Ïðè ðåøåíèè ñèñòåìû â ïðåäûäóùåé çàäà÷å ìîã-
ëè âîçíèêíóòü òðè ñèòóàöèè

(1) ðåøåíèå åäèíñòâåííîå � ïðÿìûå ïåðåñåêàþòñÿ
(2) ðåøåíèé íåò � ïðÿìûå ñêðåùèâàþòñÿ èëè ïàðàëëåëüíû
(3) ðåøåíèé ìíîæåñòâî � ïðÿìûå ñîâïàäàþò

Çàìå÷àíèå 11.2. Îïðåäåëèòü âçàèìíîå ðàñïîëîæåíèå ïðÿìûõ ìîæ-
íî áûëî èíà÷å:

rank(a1, a2, r2−r1) =


1, ïðÿìûå ñîâïàäàþò

2,

{
rank(a1, a2) = 1, ïðÿìûå ïàðàëëåëüíû

rank(a1, a2) = 2, ïðÿìûå ïåðåñåêàþòñÿ

3, ïðÿìûå ñêðåùèâàþòñÿ
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