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Abstract. The detailed description of electron terms in the field of two stationary Coulomb centers of
charges Z and Z′ separated by a distance R is one of the most fundamental problems in quantum mechanics.
When the charges Z and Z′ approach each other and share the only one electron that they have, they form
a quasimolecule. Such quasimolecules are encountered in various kinds of plasmas and play an important
role in theoretical and experimental studies of charge exchange. When the electron is in a highly-excited
state, it is a one-electron Rydberg quasimolecule (OERQ). There are extensive analytical studies of the
OERQ by the methods of classical mechanics (which are appropriate for Rydberg states). In one of our
previous papers we studied the OERQ subjected to a laser field in the situation where the laser frequency
was much smaller than the highest frequency of the unperturbed system. In the present paper we consider
the situation where the OERQ is subjected to a laser field whose frequency is much greater than the
highest frequency of the unperturbed system. For obtaining analytical results we use a generalization of
the method of effective potentials. We show that as the amplitude of the laser field increases, in the case of
the linearly-polarized laser field, the structure of the energy terms becomes more complex. Moreover the
number of the energy terms increases in this case. We also calculated analytically the shift of the radiation
frequency of OERQ caused by the laser field. As the amplitude of the laser field increases, so does the
shift. The radiation frequency is shifted to the blue in the case of the linearly-polarized laser field, and
to the red in the case of the circularly-polarized laser field. For a known amplitude of the laser field, by
measuring the relative shift of the radiation frequency it should be possible to determine experimentally
the distance of the orbital plane of the electron from the nucleus of the smaller nuclear charge.

1 Introduction

The detailed description of electron terms in the field of
two stationary Coulomb centers (TCC) of charges Z and
Z ′ separated by a distance R is one of the most funda-
mental problems in quantum mechanics. It presents fasci-
nating atomic physics: the terms can have crossings and
quasicrossings. On the one hand, the well-known
Neumann-Wigner general theorem on the impossibility of
crossing of terms of the same symmetry [1] is invalidated
for the TCC problem of Z ′ 6= Z (see e.g., paper [2]) – so
the terms can cross. On the other hand when two potential
wells (each corresponding to separated Z- and Z ′-centers)
have states Ψ and Ψ′ of the same energies E = E′, of
the same magnetic quantum numbers m = m′, and of the
same radial elliptical quantum numbers k = k′, a quasi-
crossing of the terms occurs [3–5]. Then the electron has a
much larger (by several orders of magnitude) probability

a e-mail: goks@physics.auburn.edu

of tunneling from one well to the other (what constitutes
charge exchange) compared to the absence of the quasi-
crossing.

In plasma spectroscopy a quasicrossing of the TCC
terms, by facilitating charge exchange, can result in local
dips in the spectral line profile emitted by a Z-ion from
a plasma consisting of both Z- and Z ′-ions – see e.g.,
theoretical and experimental papers [6–11]. In particu-
lar this allows one to determine rates of charge exchange
between multicharged ions – the reference data almost
inaccessible by other experimental methods [11].

When the charges Z and Z ′ approach each other and
share the only one electron that they have, they form a
quasimolecule. When the electron is in a highly-excited
state the system can be described as a one-electron
Rydberg quasimolecule (OERQ). There are extensive
analytical studies of the OERQ by the methods of classi-
cal mechanics (which are appropriate for Rydberg states)
[12–20] – see also review [21] and book [22] Chapter 3. In
particular the following papers were devoted to studies of
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the OERQ in various external fields: namely in a static
magnetic field [15], in a static electric field [16,17,19], and
in a laser field [20]. Specifically in our previous paper [20]
we analyzed the situation where the laser frequency was
much smaller than the highest frequency of the unper-
turbed system.

In the present paper we consider the situation where the
OERQ is subjected to a linearly-polarized or a circularly-
polarized laser field whose frequency is much greater than
the highest frequency of the unperturbed system. For
obtaining analytical results we use a generalization of the
method of effective potentials [23] (see also book [24],
Appendix A). We show that as the amplitude of the
linearly-polarized laser field increases the structure of the
energy terms becomes more and more complex, and the
number of the energy terms increases.

We also show that the laser field causes the blue or red
shift of the radiation frequency of OERQ depending on
whether the laser field is linearly- or circularly-polarized.
The experimental determination of this shift would enable
finding out the distance of the orbital plane of the electron
from the nucleus of the smaller nuclear charge.

2 Analytical results

2.1 Linear polarization

We consider a TCC system with the charge Z placed at
the origin and the Oz axis is directed at the charge Z ′,
which is at z = R. Atomic units (~ = e = me = 1) are
used throughout this article. The system is subjected to a
high-frequency linearly-polarized laser field of amplitude
F and frequency ω, the laser field being directed along
the internuclear axis. It is well-known that the interac-
tion of the laser field with Rydberg states can be correctly
described classically (without engaging c-numbers describ-
ing the coherent quantum laser field). Therefore the semi-
classical Hamiltonian for the electron in this configuration
can be represented in the form

H = H0 + zF cosωt,H0 =
1
2

(
p2
z + p2

ρ +
p2
ϕ

ρ2

)
− Z

r
− Z ′

r′

(1)
where r = (ρ2 + z2)1/2 is the distance from the electron
to the nucleus Z, r′ = (ρ2 + (R− z)2)1/2 is the distance
from the electron to the nucleus Z ′, and (ρ, ϕ, z) are the
cylindrical coordinates positioned in such a way that the
nuclei Z and Z ′ are on the z-axis at z = 0 and z = R
accordingly. Due to ϕ-symmetry, ϕ is a cyclic coordinate
and its corresponding momentum is conserved:

pϕ = ρ2 dϕ

dt
= L. (2)

For the systems in a high-frequency field, whose frequency
is much greater than the highest frequency of the unper-
turbed system, it is appropriate to use the formalism of
effective potentials [23,25,26]. As a result, the Hamiltonian

acquires a time-independent term. The zeroth-order effec-
tive potential,

U0 =
1

4ω2
[V, [V,H0]] =

F 2

4ω2
(3)

where V = zF and [P,Q] are the Poisson brackets, is a
coordinate-independent energy shift that does not affect
the dynamics of the system. The first non-vanishing effect
on the dynamics of the system originates from the first-
order effective potential

U1 =
1

4ω4 [[V,H0] , [[V,H0] , H0]]

=
F 2

4ω4

Z ρ2 − 2z2

(ρ2 + z2)5/2
+ Z ′

ρ2 − 2 (R− z)2(
ρ2 + (R− z)2

)5/2


(4)

and the Hamiltonian of the electron in the high-frequency
field is

H =
1
2
(
p2
z + p2

ρ

)
+
L2

2ρ2
− Z√

ρ2 + z2
− Z ′√

ρ2 + (R− z)2
+U1

(5)

where U1 is given by (4). The electron is considered to be
in a circular state1. Therefore pz = pρ = 0, and thus, its
energy can be represented in the form

E =
L2

2ρ2
− Z√

ρ2 + z2
− Z ′√

ρ2 + (R− z)2

+
F 2

4ω4

Z ρ2 − 2z2

(ρ2 + z2)5/2
+ Z ′

ρ2 − 2 (R− z)2(
ρ2 + (R− z)2

)5/2

 ·
(6)

Using the scaled quantities

w =
z

R
, v =

ρ

R
, ε = −R

Z
E, b =

Z ′

Z
, ` =

L√
ZR

,

r =
Z

L2
R, θ =

F

ω2R
(7)

1 Circular states of atomic and molecular systems are an impor-
tant subject. They have been extensively studied both theoretically
and experimentally for several reasons (see, e.g., [12–15,17,27–40]
and references therein): (a) they have long radiative lifetimes and
highly anisotropic collision cross sections, thereby enabling experi-
ments on inhibited spontaneous emission and cold Rydberg gases,
(b) these classical states correspond to quantal coherent states,
objects of fundamental importance, (c) a classical description of
these states is the primary term in the quantal method based on
the 1/n-expansion, and (d) they can be used in developing atom
chips.
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` = v2

√√√√√
(w2 + v2)2 + 3

(
w2 − v2

4

)
θ2

(w2 + v2)7/2
+ b

(
(1− w)2 + v2

)2
+ 3

(
(1− w)2 − v2

4

)
θ2

(
(1− w)2 + v2

)7/2 (9)

we obtain the scaled energy of the electron

ε =
1√

w2 + v2
+

b√
(1− w)2 + v2

− `2

2v2

+
2w2 − v2

(w2 + v2)5/2
θ2

4
+ b

2 (1− w)2 − v2(
(1− w)2 + v2

)5/2

θ2

4
· (8)

We can seek the equilibrium points in the (w, v) -plane
by finding the two partial derivatives of ε with respect
to w and v and setting them equal to zero. The second
equation gives the equilibrium value of the scaled angular
momentum

See equation (9) above.

and the first equation gives the equilibrium value of v

w

(
w2 + v2

)2 + 3
2

(
w2 − 3

2v
2
)
θ2

(w2 + v2)7/2
= b (1− w)

×

(
(1− w)2 + v2

)2

+ 3
2

(
(1− w)2 − 3

2v
2
)
θ2(

(1− w)2 + v2
)7/2

· (10)

Figure 1 shows the equilibrium plot in the (w, v)-plane
for b = 3 and θ = 0.1. We see that in addition to the
properties described in [13] there is a multivalued range
in the neighborhood of w = 0 and w = 1 which increases
as θ increases.

If we scale the internuclear distance R as r = (Z/L2)R,
and given ε = −(R/Z)E from (7), then E = −(Z/L)2ε1,
where ε1 = ε/r is the scaled energy whose scaling includes
only Z and L. From (7), `2 = L2/(ZR), so this yields
r = 1/`2, with ` taken from (9), giving us the expression
for r (w, v, b, θ). Then we substitute the value of ` from
(9) into (8) and obtain ε (w, v, b, θ), which we divide by
r = 1/`2, with ` again taken from (9), obtaining
ε1 (w, v, b, θ), whose explicit form is

See equation (11) next page.

Then, solving (10) numerically for v and substituting
it into (11) and into r(w, v, b, θ) we obtain, for the given
value of b and θ, the parametric dependence ε1(r) rep-
resenting the scaled energy terms, with the parameter w
running over the allowed range determined by (10). The
asymptote w3, corresponding to v → ∞, is the same as
in the case of θ = 0, and is equal to b/(b + 1), and other
limits on w can be determined numerically.

Figures 2 and 3 show the scaled energy terms for
the values of the scaled amplitude of the laser field for
θ = 0.01 and θ = 0.1 against the unperturbed energy
terms for θ = 0. It is seen that for small values of θ the

Fig. 1. Equilibrium plot in the (w, v)-plane for b = 3 and
θ = 0.1.

Fig. 2. The plot of the scaled energy terms −ε1(r) (with r
on the horizontal axis and ε1 on the vertical) for the scaled
amplitude of the laser field θ = 0.01 with b = 3 shown in blue
solid curves against the terms for θ = 0 with b = 3 shown in
red dashed curves.

lower term is the first affected, and the terms take on a
more complex form as θ further increases. We plot –ε1 on
the vertical axis for it to have the same sign as E.

It is seen that as the scaled amplitude θ of the laser
field increases the scaled energy terms ε1(r) become more
and more complex. In particular, at some ranges of θ, the
number of the scaled energy terms increases from 3 (which
was the case for θ = 0) to 4 or even 5.

https://www.epjd.epj.org
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ε1 = v4




(
w2 + v2

)2 (
w2 + v2

2

)
+
(
w4 − 5

2
w2v2 + v4

4

)
θ2

2

(w2 + v2)7/2

+b

(
(1− w)2 + v2

)2 (
(1− w)2 + v2

2

)
+
(

(1− w)4 − 5
2

(1− w)2 v2 + v4

4

)
θ2

2

(
(1− w)2 + v2

)7/2





×




(
w2 + v2

)2
+ 3

(
w2 − v2

4

)
θ2

(w2 + v2)7/2
+ b

(
(1− w)2 + v2

)2
+ 3

(
(1− w)2 − v2

4

)
θ2

(
(1− w)2 + v2

)7/2



 (11)

Fig. 3. The plot of the scaled energy terms −ε1(r) (with r
on the horizontal axis and ε1 on the vertical) for the scaled
amplitude of the laser field θ = 0.01 with b = 3, shown in blue
solid curves against the terms for θ = 0, with b = 3, shown in
red dashed curves.

At this point it might be useful to clarify the relation
between the classical energy terms ε1(r) and the energy
E. The former is a scaled quantity related to the energy
as specified above in the 1st line after equation (10):
E = −(Z/L)2ε1. The projection L of the angular momen-
tum on the internuclear axis is a continuous variable. The
energy E depends on both ε1 and L. Therefore, while the
scaled quantity ε1 takes a discrete set of values, the energy
E takes a continuous set of values (as it should be in clas-
sical physics).

We also studied the shift of the radiation frequency
caused by a high-frequency linearly-polarized laser field
The angular momentum of the electron can be expressed
as

L = ρ2 dϕ

dt
= Ωρ2 (12)

where Ω is the frequency of the motion of the electron.
Using the scaled quantities from (7), we have

Fig. 4. The relative blue shift of the radiation frequency of
the electron versus its scaled axial coordinate for b = 3 and
θ = 0.01.

Ω =

√
Z

R3
Ω̃, Ω̃ =

`

v2
(13)

where the tilde above denotes the scaled frequency. The
relative shift of the frequency is determined by

δ =
Ω− Ω0

Ω0
=

Ω
Ω0
− 1 =

Ω̃
Ω̃0

− 1 =
`

`0

v2
0

v2
− 1 (14)

where the subscript index “0” refers to the default case
(θ = 0) and the value of v is taken to be the equilibrium
value (determined by (10)).

Figures 4 and 5 show the plot of the relative shift of the
frequency for the ratio of the nuclear charges b = 3 and
the values of θ = 0.01 and θ = 0.1. As we can see the shift
increases when θ increases, and it is the smallest around
the point w = w3 = b/(b+ 1).

Thus, for a known amplitude of the laser field, by
measuring the relative shift of the radiation frequency it
should be possible to determine experimentally the dis-
tance of the orbital plane of the electron from the nucleus
of the smaller nuclear charge.

2.2 Circular polarization

Now we consider the same configuration subjected to a
circularly-polarized laser field of amplitude F and fre-
quency ω, the polarization plane being perpendicular to

https://www.epjd.epj.org
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Fig. 5. The relative blue shift of the radiation frequency of
the electron versus its scaled axial coordinate for b = 3 and
θ = 0.1.

the internuclear axis. The laser field varies as

F = F (ex cosωt+ ey sinωt) (15)

where ex and ey are the unit vectors along the x- and
y-axes (which are perpendicular to the z-axis). In this case
the Hamiltonian takes the form

H = H0+Fρ cos (ϕ− ωt)=H0+Fρ (cosϕ cosωt+ sinϕ sinωt)
(16)

where H0 is given by (1). We denote V =Fρ cosϕ,
W =Fρ sinϕ and use the formalism of effective potentials
for the circular-polarization case [23,24]:

U0 =
1

4ω2
([V, [V,H0]] + [W, [W,H0]]) =

F 2

4ω2
(17)

U1 =
1

4ω4
([[V,H0] , [[V,H0] , H0]] + [[W,H0] , [[W,H0] , H0]])

+
−1

2ω3
[[V,H0] , [W,H0]] . (18)

The zeroth-order effective potential in (17) is
coordinate-independent and thus does not affect the
dynamics of the system. In (18) the last term vanishes
and the first-order effective potential is

U1 =
F 2

4ω4

(
3L2

ρ4
+ Z

z2 − 2ρ2

(z2 + ρ2)5/2
+ Z′ (R− z)2 − 2ρ2

(
(R− z)2 + ρ2

)5/2

)

.

(19)

Repeating the procedure used for the linear-polarization
case and using the scaled quantities in (7) we obtain the
scaled energy of the electron

ε =
1√

w2 + v2
+

b√
(1− w)2 + v2

− `2

2v2
− w2 − 2v2

(w2 + v2)5/2
θ2

4

− b (1− w)2 − 2v2

(
(1− w)2 + v2

)5/2
θ2

4
− 3`2

v4

θ2

4
· (20)

We seek the equilibrium points by finding the two par-
tial derivatives of ε with respect to w and v and setting

Fig. 6. Equilibrium plot in the (w, v)-plane for b = 3 and
θ = 0.2. The forbidden region, corresponding to the points
where `2 < 0, is shaded.

them equal to zero. From the second equation we get the
equilibrium value of the scaled angular momentum

See equation (21) next page.

and from the first equation we obtain numerically the equi-
librium value of v:

w

(
w2 + v2

)2 − 3
(
w2

4 − v
2
)
θ2

(w2 + v2)7/2
= b (1− w)

×

(
(1− w)2 + v2

)2

− 3
(

(1−w)2

4 − v2
)
θ2(

(1− w)2 + v2
)7/2

· (22)

We can notice from (21) that `2 is not strictly non-
negative for arbitraryw, v, b and θ (unlike in the case θ = 0,
when it is always non-negative), which imposes additional
constraint on the validity range in the (w, v)- plane. Figure 6
shows the equilibrium curve in the (w, v)- plane for θ = 0.2
with the forbidden region, where `2 < 0, which is shaded.
We see that the additional (w, v)-curves due to non-zero θ
are entirely within the forbidden region and are therefore
discounted from the solution. (In the case of linear polar-
ization, the forbidden region due to ` is small, for b = 3,
θ = 0.1 it doesn’t exist – it appears at greater θ, and it does
not cover the curves appearing due to non-zero θ).

The properties of the equilibrium curves are as follows.
As θ increases from 0, the point w1, of the intersection of
the right branch of the left (w, v)-curve with the abscissa,
which is equal to 1/(1 + b1/2) for θ = 0, displaces to the
left, given by the expression

w1 =
1

1 +
√
α

(23)

https://www.epjd.epj.org
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` =
v3

√
v2 + 3θ2

√√√√ (w2 + v2)2 − 3
4

(3w2 − 2v2) θ2

(w2 + v2)7/2
+ b

(
(1− w)2 + v2

)2 − 3
4

(
3 (1− w)2 − 2v2

)
θ2

(
(1− w)2 + v2

)7/2 (21)

Fig. 7. The plot of the scaled energy terms –ε1(r) (with r
on the horizontal axis and ε1 on the vertical) for the scaled
amplitude of the laser field θ = 0.01 in the case of circular
polarization with b = 3 shown in blue, solid curves against the
terms for θ = 0 with b = 3 shown in red dashed curves.

where α is a solution of 4α (b− α) = 3 (1 + α) (b− α)2θ2,
which is given in the Appendix A. We can see from (23)
that for θ = 0, w1 = 1/

(
1 + b1/2

)
, as in [13]. After θ

reaches the critical value

θc =

√
4αc (b− α2

c)

15
(
1 +
√
αc
)2 (b− α3

c)
(24)

where αc is a solution of
(
b− α2

c

)2 = 5 (b− αc)
(
b− α3

c

)
,

(αc being given in the Appendix A), a small two-valued
region appears to the right of w1 (the situation that we
observe in Fig. 5). As θ increases further and reaches the
value

θ10 =

√
4β2 (b− β2)

3 (1 + β)2 (b− β4)
(25)

where β is a solution of b+ β3

b− β2 = 3 b+ β5

b− β4 , the branch inter-
sects with the forbidden region at w10 = 1/(1 + β) and,
as θ increases further, part of the branch is within the
forbidden region, below their intersection. As an exam-
ple, for the case of b = 3, θc ≈ 0.163 and θ10 ≈ 0.234.
As for the right w-range, it does not depend on θ and is
b/(b+ 1) < w < 1, as in the case of θ = 0 [13].

With the master equations (20)–(22), we proceed as
in the linear case: defining r = 1/`2 and ε1 = ε/r and

Fig. 8. The plot of the scaled energy terms –ε1(r) (with r
on the horizontal axis and ε1 on the vertical) for the scaled
amplitude of the laser field θ = 0.3 in the case of circular
polarization, with b = 3, shown in blue, solid curves, against
the terms for θ = 0, with b = 3, shown in red dashed curves.

Fig. 9. The relative red shift of the radiation frequency of
the electron versus its scaled axial coordinate for b = 3 and
θ = 0.01 in the case of circular polarization.

numerically solving (22) for v and then substituting it
into r and ε1, we obtain the parametric dependence ε1(r)
representing the scaled energy terms, with the param-
eter w running over the allowed range determined by
0 < w < w1, b/(b + 1) < w < 1 (for θ < θc; for
θc < θ < θ10, w1 is changed into the point with the max-
imum w on the left branch, determined numerically, and

https://www.epjd.epj.org
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Fig. 10. The relative red shift of the radiation frequency of
the electron versus its scaled axial coordinate for b = 3 and
θ = 0.3 in the case of circular polarization.

for θ > θ10, it is changed into the point of intersection
of the branch with the forbidden region, except when its
w-coordinate is less than the maximum w for the branch.

Figures 7 and 8 show the scaled energy terms for the
values of the scaled amplitude of the laser field for θ = 0.01
and θ = 0.3 against the unperturbed energy terms for
θ = 0. It is seen that for small values of θ the lower term
is the first affected, as in the case of linear polarization,
and as θ further increases, the terms deviate from the
unperturbed ones more, but new terms do not appear.

As in the case of linear polarization, we studied the
shift of the radiation frequency caused by a high-frequency
circularly-polarized laser field. Following the same proce-
dure to derive the formula for the shift as in the linear-
polarization case and using the result in (14), we plot the
relative shift of the frequency in Figures 9 and 10. It is
seen that in the case of circular polarization, red shift is
observed (δ < 0) – the effect opposite to that in the case of
linear polarization, where blue shift was observed (δ > 0).

3 Conclusions

We considered the situation where one-electron Rydberg
quasimolecules (OERQ) are subjected to a linearly-
polarized and circularly-polarized laser field whose fre-
quency is much greater than the highest frequency of the
unperturbed system. For obtaining analytical results we
used a generalization of the method of effective potentials.
We found out that in the case of the linearly-polarized
laser field, as the amplitude of the laser field increases,
the structure of the energy terms becomes more and
more complex. Moreover, the number of the energy terms
increases. In the case of the circularly-polarized laser field,
new terms do not appear.

We also calculated analytically the shift of the radiation
frequency of OERQ caused by the laser field. In both cases,
as the amplitude of the laser field increases so does the
shift. The radiation frequency of the electron is shifted
to the blue in the case of the linearly-polarized laser field,
and to the red in the case of circularly-polarized laser field.
For a known amplitude of the laser field, by measuring
the relative shift of the radiation frequency it should be
possible to determine experimentally the distance of the
orbital plane of the electron from the nucleus of the smaller
nuclear charge.
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Appendix A: The explicit form of α in
equation (23) and αc in equation (24)
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α =

(
−1 +

√
3i
) (

3θ2 − 4
) (

3θ2 (1 + 3b)− 4
)

+ qα
(
8− 6θ2 −

(
1 +
√

3i
)
qα
)

18qαθ2
(A.1)

where

qα =
(
−
(
3θ2 − 4

)3
+ 27bθ2

(
9θ4 + 12θ2 − 8

)
+ 9
√

3θ2

×
√
−b
(
64b− 192 (1 + b+ b2) θ2 + 432 (1 + b)2 θ4 − 108 (b+ 3) (3b+ 1) θ6 + 81 (b− 1)2 θ8

))1/3

(A.2)

αc =
1

48



15b+

√
3b (75b− 64) +

5808b2

kα
+ 48kα +

√
6

√√√√b (75b− 64)− 968b2

kα
− 8kα +

15
√

3b (128 + b (25b− 32))√
b (75b− 64) + 1936b2

kα

+ 16kα





(A.3)
where

kα = b2/3
(

1350− 1369b+ 1350b2 + 30
√

3 (b− 1)
√

675 + b (675b− 19)
)1/3

(A.4)
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